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Abstract

The notion of 3-open sets in a topological space was studied by Velicko.  Following this Ekici et. al. studied
the notions of a-open and e*-open sets by mixing the operators closure, interior, 8-interior and &-closure. In

this paper some new sets are defined and studied by using the above operators. Moreover some of the
existing concepts in topological spaces have been characterized using the newly defined sets.
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1.1. Introduction

Stone introduced the concept of regular open sets in the year 1937. Velicko introduced the notion of 8-open
sets. Following this, the above sets were extensively investigated by several topologists. In this paper the
interior and closure operators in a topological space (X,t) and its semi-regularization (X,t°) are used to
define anr-set and an r*-set in (X,tr). Some of the nearly open sets and nearly closed sets have been
characterized by using r-sets and r*-sets. A brief survey of basic concepts and results that are needed here
is given in this Section-1. The Section-2 deals with the newly defined sets namely r-set and r*-set and
their characterizations.

1.Preliminaries

The interior and closure operators in topological spaces play a vital role in the generalization of
open sets and closed sets in topological spaces. The authors[2] discussed the application of these operators to
some nearly open and nearly closed sets.

Definition 1.1. A subset A of a space X is called
(i) regular open[11] if A= IntCIA and regular closed if A= ClIntA,
(if) a-open[7] if Ac IntClIntA and a-closed if CIIntCIA < A
(iii) semiopen[5] if AcClIntA and semiclosed if IntCIA cA,
(iv) preopen[6] if AcIntCIA and preclosed if ClIntA cA,
(v) semi-preopen [3] or S -open [1] if AcCIIntCIA and semi-preclosed or /5 -closed if IntClIntA

cA,

The operators sCIA, pCIA, a CIA, BCIA, sIntA, pIntA, alntA, and BIntA may defined in an usual
way. Andrijevic [3] established the next lemma.
Lemma 1.2:
(i) aCIA =AUCIINtCIA and alntA = AnIntClIntA.
(if) sCIA = AUINtCIA and sIntA = ANClIntA.
(iii) pCIA = AUCIIntA and pIntA = AnIntCIA.
(iv) BCIA = AuIntClIintA and gSIntA= ANCIIntCIA.
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The notion of &-closure was inroduced and studied by Velicko [13]. A point X is in the &-closure of A
if every regular open nbd of x intersects A. ClsA denotes the 5-closure of A.

Definition 1.3: A subset A of a space X is 6-closed if A = ClsA. The complement of a d-closed set is &-
open. The collection of all 3-open sets is a topology denoted by t°. This t° is called the semi - regularization
of 1. Let IntsA be the interir of A in (X, t° ), called the &-interior of A. The next lemma is due to
Velicko[13].
Lemma 1.4:

(i) Forany open set A, ClsA= CIA

(ii) For any closed set B, IntsB= IntB.
Definition 1.5: A subset A of a space (X, 1) is called

(i) a-open [4] if Ac IntClintsA

(i) e*-open [4] if Ac ClIntCI;A

(iii) o-semiopen[9] if Ac ClintsA and 5-semiclosed if IntCI;A A,

(iv) 5-preopen[10] if Ac IntCIsA and &-preclosed if ClIntsA cA,

Definition 1.6: A space X is called locally indiscrete if every open set is closed .
Noiri [8] and Thangavelu and Rao [12] established the following lemmas respectively.
Lemma 1.7 : If A or B is semiopen then IntCI(AnB)=IntCIANIntCIB.

Lemma 1.8 : If A or B is semiclosed then Clint(AuB)=ClIntAUCIInt(B.
Throughout this paper (X,7) is a topological space.

2. r-set and r*-set

Throughout this section A ,B are subsets of a topological space (X, 1).

Proposition 2.1: The following always hold.
(I) IntCIA = |nt5C|A C |nt5C|5A = |ntC|5A.
(if) ClsIntsA = ClintsA < ClIintA = ClsIntA.
Proof: IntsA c IntA = Int;sCIA < Int CIA by replacing A by CIA.
CIA cCI;A = IntCIA < IntClsA. Then it follows that
Int;CIACINtCIACINtCIA (Exp.2.1)
Taking interior and &-interior on both side of CIACCIsA we get IntCIA < IntCl;A and
IntsCIA < IntsClsA < Int CIsA which implies
IntsCIACINt;ClsAcIntClsA. (Exp.2.2)
Using Lemma 1.8 we have IntsCIA = IntCIA and Int;sClsA = IntClsA. Then from (Exp. 2.1) and (Exp.2.2), it follows
that IntCIA=IntsCIAc IntsClsA=IntClsA that proves (i). The assertion (ii) can be analogously proved.

Proposition 2.2:

(i) If Ais open then IntsCIA=Int;ClsA=IntCIA=IntCIsA.

(ii) If Alisclosed then ClintsA=ClIntA=ClsInt;A=Cl; IntA
Proof: Suppose A is open. Then using Lemma 1.4(i), ClsA= CIA that implies IntsClsA= IntsCIA. By using
Proposition 2.1(i), we have IntClsA = Int;ClsA= IntsCIA = Int CIA. This proves (i) and the proof for (ii) is
analogous.
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Remark 2.3: The conclusion in Proposition 2.2(i) holds even if A is not open and that in Proposition 2.2(ii)
holds even if A is not closed as given in the following example.
Example 2.4: Let X ={a,b,c,d} and t ={J,{a}.{b}.{a,b},{b,c},{a,b,c} X}. Then
v'={J,{b,c,d} {a,c,d},{c,d},{a,d},{d}, X}. It can be verified that
30 ={9, {a}{b,c}, {a,b,c}, X}, 6C ={Z, {b,c,d}, {a,d}, {d} X}
Int;CI{b,d}=IntsCls{b,d}=Int CI{b,d} =Int Cls{b,d} = {b,c} eventhough {b,d} is not open. Also
Clints{a}=ClInt{a}=Cl;sInts{a}= Cl;s Int{a} = {a,d} eventhough {a} is not closed.
The above remark and example motivate us to have following definition.
Definition 2.5: A subset A of a space (X, t) isan r-set if IntClsA = IntCIA and an r*-set if ClintsA
=ClIntA.
Proposition 2.6: A subset A of aspace (X, 1) is an r-set if and only if X\A isan r*-set.
Proof: Alisan r-set< IntClsA = IntCIA < X\ IntCl;A = X\IntCIA <
Clints(X\A) = ClInt(X\A) < X\A is an r*-set.

Proposition 2.7:

(i) If A'is open or regular open or 3-open then it is an r-set.

(ii) If Alis closed or regular closed or 8-closed then it is an r*-set.
Proof: Follows from Proposition 2.2.

Proposition 2.8:
(i) Aisanr-set < Int;CIA =Int;ClsA=IntCIA=Int CI;A.
(i) Aisanr*-set < Cl Int;A
=ClIntA =C|5|nt5A=C|5 IntA.
Proof: Follows from Definition 2.5 and Proposition 2.2.
Lemma 2.9:
(i) IntClsA = IntClsIntClsA.
(ii) IntsCl A = IntsClintsCIA.
(iii) ClintsA = ClintsClIntsA.
(iv) ClsInt A = ClsIntClsIntA.
Proof: Let A be a sub set of a topological space X. Then
C|5A = C|5A = IntCIgAgCI;)A: C|5|ntC|5AgC|5A. This implies
INtClsIntCIsA < INtCIA . (Exp.2.3)
IntClsAc ClsIntClsA that implies IntClsAc IntClsIntClsA. (Exp.2.4)

From Exp.2.3 and Exp.2.4, it follows that IntClsA=Int ClsIntClsA that proves (i). Now
IntsA = IntsA = IntsA < ClintsA = IntsA < IntsClintsA
= ClintsAcCI Int;Cl IntsA (Exp.2.5)
ClintsA= ClintsA = IntsClintsAc ClintsA
= ClInt;ClintsAc ClintsA (Exp.2.6)

From Exp.2.5 and Exp.2.6, we see that ClIntsA=ClIntsClIntsA that proves (iii). The proof for (ii) and (iv) is
analog.

Prroposition 2.10:
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(1) IntClsA is both regular open and an r-set.
(ii) ClintsA is both regular closed and an r*-set.
Proof: Since the ineterior of a closed set is regular open and since ClsA is always closed, it follows that
IntCIsA is regular open. Now using Proposition 2.9 we have
INtClsIntCIsA = IntClIsA. Since IntClsA is regular open we have
IntCls(IntClsA) = IntClIsA = IntCI(IntClsA) that implies IntClsA is an r-set. This proves (i) and the rest
can be proved by taking complement.
Let B be an r-set in the next five theorems.
Theorem 2.11: The following are equivalent.
(i) B is preopen.
(i) B is preopen in (X, 1°).
(iii) B is d-preopen.
(iv) B < IntsCIB.
Proof: Suppose B is an r-set. Then using Proposition 2.8, we have
IntsCIB=Int;ClsB=IntCIB=IntCIsB. Therefore B — IntCIB < B < Int;Cl;B < B c IntClsB < B < Int;CIB.
This proves the theorem.

Corollary 2.12: The following are equivalent.
(i) Bissemiclosed .
(ii) B is semiclosed in (X, 1°).
(iii) B is d-semiclosed.
(iv) IntsCIBcB.

Theorem 2.13: The following are equivalent.
(i) Bisa-closed.
(if) ClintsCIsB < B
(iii) B is a-closed.
(iv) Bis ClintsCIB < B

Proof: Suppose B is an r-set. Then using Proposition 2.8, we have
Int;CIB=Int;ClsB=IntCIB=IntCl;sB that implies ClintsCIB=ClInt;Cl;B=ClIntCIB=ClIntClsB. Therefore
ClintCIB < B < Clint;ClsB < B <ClIntClsB < B <ClIntsCIB < B. This proves the theorem.

Corollary 2.14: The following are equivalent.
(i) Bisp-open
(if) B < ClintsClsB
(iii) B ise*-open.
(iv) B < ClintsCIB.

Theorem 2.15:
(i) sCIB = Bulnt;CIB = Bulnt;ClsB = BulntCl;sB.
(ii) pIntB = BN IntsCIB = B IntsClsB= B IntClsB.
(iii) aIntB = B IntsCl Int B = B IntsCls Int B= B IntCls Int B.
(iv) aCIB = BUCI Int;CIB = BUCI IntsClsB= BUCIIntCIsB.
(v) pintB=BNCI Int;CIB = BNClI Int;ClsB= B ClintClI;sB.
(vi) ACIB = Bu IntsClIntB = BulntsClsIntB= BulntClsint B.
1532

ISSN: 2233-78571JFGCN
Copyright (©2020SERSC



International Journal of Future Generation Communication and Networking

Proof: Let B be an r-set. Then we have

IntCIB = IntsCIB=Int;ClsB =IntClsB

Replacing B by Int B in Exp.2.7 we get
IntClIntB=Int;ClintB=Int;ClsIntB =IntClsIntB

Taking closure on Exp.2.7 we get
ClIntCIB=ClInt;CIB=ClInt;ClsB=ClIntCl;B

Then the proof follows from Exp.2.7, Exp.2.8 and Exp.2.9.

Let B be an r*-set in the next five theorems.

Theorem 2.16:
(i) sIntB = BNClIntsB = BNClsIntsB = BNCl;sIntB.
(if) pCIB = BuUClInt;B = BUClIsIntsB = BUCH5IntB.
(iii) aIntB=BNIntClintsB =BNIntClsIntsB = BNIntClsIntB.
(iv) aCIB =BuUClInt;CIB = BUCIsIntsCIB = BUCIsIntCIB.
(v) pIntB= BNClInt;sCIB = BNClsIntsCIB = BNClsIntCIB.

(vi) pCIB =Bu IntClIntsB = Bu IntClsIntsB = Bu IntClsIntB.

Proof: Let B be an r*-set. Then we have
ClintsB=ClIntB=Cl;sIntsB=ClsIntB.
ReplacingBby CIB inExp.2.10 we get
ClIntsCIB=ClIntCIB=Cl;sInt;Cl B =Cl;sIntCIB.
Taking interior on Exp.2.10 we get
IntClIntsB= IntClIntB= IntClsIntsB =IntClsIntB
Then the proof follows from Exp. 2.10, Exp.2.11 and Exp.2.12.

Theorem 2.17: The following are equivalent.
(i) B is semiopen.
(ii) B is semiopen in (X, 1°).
(iii) B is 5-semiopen.
(iv) B < ClsIntB.

Proof: Suppose B is an r*-set. Then using Proposition 2.8, we have
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(Exp.2.7)
(Exp.2.8)

(Exp.2.9)

(Exp.2.10)
(Exp.2.11)

(Exp.2.12)

ClintsB=ClIntB=Cl;IntsB=ClsIntB. Therefore B < ClIntB < B < ClsInt;sB < B < Clint;B < B < Cl;sIntB.

This proves the theorem.

Corollary2.18: The following are equivalent.
(v) Bis preclosed .
(vi) B is preclosed in (X, 10).
(vii) B is d-preclosed.
(viii)  Int;CIB<B.

Theorem 2.19: The following are equivalent.
(i) Bisp-closed.
(ii) e*-closed
(iii) IntClsIntsB = B
(iv) IntClsIntB < B
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Proof: Suppose B is an r*-set. Then using Proposition 2.8, we have

ClintsB=ClIntB=Cl;sInt;B=ClsIntB so that IntClint;B=IntClIntB=IntClsInt;B

=IntCls IntB. Therefore IntClintB < B < IntClintsB < B < IntClsIntsB < B < IntClsIintB < B . This
proves the theorem.

Corollary 2.20: The following are equivalent.
(i) Bis a-open
(if) Bis a-open
(iii) B < IntClsIntsB
(iv) B < IntClsIntB

Proposition 2.21: Let (X, t) be locally indiscrete.
(i) Bis anr-set < CIB =ClI;sB.
(i) Bisanr*-set < IntB = Int;B
Proof : Suppose X is locally indiscrete. Then IntCIB = CIB and IntClsB = CI;B. Therefore B is an r-set <
IntCIB = IntCl;sB < CIB = CI;B.
Also ClintB = IntB and ClInt;B = Int;B that implies B is an r*-set <
ClintB = ClintsB < IntB = Int;B.

Proposition 2.22: Let A and B be r-sets in (X, t). Then AnB is an r-set if one of them is semiopen .
Proof: Let A and B be any two r-sets in (X, 1) and A be semiopen. Therefore

INtCIA = IntCI;A and IntCIB = IntClIsB that implies

IntCl (AnB) < IntCls(AnB) < IntClIsANINtClsB = IntCIAN IntCIB . Now using Lemma 1.7 we have
IntCIAN IntCIB = IntCl (AnB) = IntCls(AnB) that implies AnB is an r-set.

Proposition 2.23: Let Aand B are r*-sets in (X, 7). Then AUB is an r*-set if one of them is semiclosed.
Proof: Let A and B be any two r*-sets in (X, 1) and A be semiclosed. Therefore

ClIntA = ClintsA and ClIntB = Clint;B. Since A is semiclosed we have

Clints(AUB) < Clint(AUB) = ClintA U ClIntB = ClintsA U ClintsB <Clints(AUB).

Therefore Clints(AuB) = Clint(AuUB) that implies AUB is an r*-set.

Conclusion

The two level operators in topology namely IntClsA and ClintsA are used to define new sets in topology
namely r-set and r*-set. Some existing sets in topology namely regular open, semiopen, preopen, a.-open, [3-
open, 8-semiopen, 3-preopen, a-open, e*-open sets and their corresponding closed sets are characterized using
the newly defined sets. Moreover it has been established that the intersection of two r-sets is again an r-set it
atleast one of them is semiopen and the intersection of two r*-sets is an r*-set if atleast one of them is
semiclosed.
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