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Abstract

A structure on a non empty set X is a collection of subsets of X. Recently the authors introduced and studied
hyper relations, micro relations on structures, structure union and structure intersection. This study reveals that
these relations and operations do not helpful to introduce a topology of structures. Therefore quite recently the
authors introduced the notions of indexed structures, indexed relations and indexed operations. The purpose of
this paper is to introduce a topological structure known as indexed topology on indexed structures and to extend
the recent concepts in general topology to this indexed topology.
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A structure on a non empty set X is a collection of subsets of X. The authors [ 2, 3] introduced and studied
hyper relations, micro relations on structures, structure union and structure intersection operators. From the
investigations of these operators on structures we infer that even though the operators have several interesting
properties of structures they can not be used to define a topology on structures. Recently the authors[4]
introduced the concept of indexed structure and studied the indexed relations and operations so as to define a
topology on indexed structure. The purpose of this paper is to introduce a topological structure known as indexed
topology on indexed structures and to extend the recent concepts in general topology to this indexed topology.

1.Preliminaries , Notations and Terminologies

Throughout this paper X is a non empty set and k is an index set. By a structure on X we mean a
collection of subsets of X. The letter P, Q, R, S, O denote the structures on X.

Notations 1.1:
(i) P« =[Aj: jex] isan indexed structure on X where A; is a subset of X.
(i) Qc=[Bj: je x].
(iii) [D)« =[D: jex] where J;=.
(iv) [X]« =[X;: jex] where X;=X.
(V) [Al« =[A): jex] where Aj = A.
Whenever we say that P is a structure over (X, k ) we mean that P is an indexed structure on X with
index set «.

Remark 1.2:

In an indexed structure the repetitions are allowed where as the repetitions are not allowed in an
ordinary structure of sets.

Definition 1.3: [4]
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(i) P is an indexed hyper substructure of Q, PQQ if for all jex, AicB;.
(ii) P is an indexed hyper superstructure of Q, POQ if for all jex , AioB;.
(iii)) PINQ=[AMB;: jek]

(iv)PMQ =[AjUB;: jex].

(V)PNQ =[A\B;: jex] and PAQ = [AjAB;: jex].

The basic properties of the indexed relations, indexed operations and indexed difference operators are found
in [4].

2. Indexed topology

Definition 2.1:
Let G be a collection of indexed structures on X with index set k. G is said to be a (k,G)-topology of indexed
structures over (X, k) if the following three conditions hold.

(1) [Dlkeg and[X]c € G .

(i) If Q: and Q,arein G then QN liesin G .

(iii) {Qu: acA}= G then M{Qu: aeA} liesin G .
If Gisa(k, G)-topology on X then the ordered triplet (X, x, G) is a (k, G)-topological space and the members
of G are called (k, G)-open structures.

Example 2.2:

X ={ab,c} and k = {Xx,y}. Let P = [ A, Ay] where Ax={a}, Ay={b} and Q =[ Bx, By] where Bx = {a} , By=
{b,c}. IfG={[T]c, P, Q, [X]« }then G is a (x,G)-topology on X and (X, x, §) is a (k, G)-topological space.
The indexed structures [D]«, P, Q, [X]« are (k, G)-open structures.

Proposition 2.3:

Let (X, k, G) be a (k, G)-topological space. For each jexk, let Gj={A;: AjeP forsome Pe G} Then Gj isa
topology on X.

Proof:

Since [P« € G and [X]« € G, it follows that & = Jje G; and X = Xje G;.

Let Aje Gj and Bje Gj. Then thereare Qiand Q;in G with AjeQ; and BjeQ,. This implies AjinBje Q1 [/NQeG
so that AjinBje G; .

Suppose {Aq: aeA}c Gj. Then for each aeA, there is an indexed structure Qqe G with

Asie Gi. Now U{A,: aeAle (M{Qq: aeA} € G. Therefore G; is a topology on X.

Remark 2.4:

Every (k,G)-topology G over (X, k) determines a collection of topologies on X. This collection { G : j ex}
of topologies on X is said to be the indexed family of topologies on X induced by a (k,G)-topology G over
(X, x).

Example 2.5:
X ={ab,c} and « ={1,2}. Let P =[ A1, Az] where A; ={a}, A,={b} and Q =[ B, B2] where B, ={a}, B>=
{b,c}. Then G ={[L]«, P, Q, [X]« }is a (k,G)-topology on X and (X, k,G) is a (k, G)-topological space.

ISSN: 2233-78571JFGCN
Copyright (©2020SERSC
1512



International Journal of Future Generation Communication and Networking
Vol. 14, No. 1, (2021), pp. 1511-1519

Clearly Gi1= {Z, {a}, X} and G1= {&, {b}, {b,c}, X} are topologies on X and { G1, G> } is the indexed
family of topologies induced by the (k,G)-topology G = {[J]«, P, Q, [X]« }.

Definition 2.6:
Qs (k, §)-closed in (X, x, G) if [X] NQ is (x, G)-openin (X, x, G) .
Proposition 2.7:

Q) [D]«and [X]« are (x, G)-closedin (X, x, G) .
(i) The family of (X, «, G)-closed structures in (X, x, G) is closed under finite indexed union and
arbitrary indexed intersection.

Proof:

Since [X]« N[D]« = [X]«and since [X]« N[X]« = [D]« it follows that [F]« and [X]« are (k,G)- closed in (X,
K, G) that proves (i).

If P and Q are (x, G)- closed in (X, k, G) then [X]« NP and [X]« NIQ are (x, §)- open in (X, «, G) that

implies( [X]« NIP) N ([X]« NQ) is (x, G)- open thatis [X]« N(P MQ)is  (x, G)- open sothat P \Q is
(x, G)- closed.

Suppose {Q.: aeA} is a family of (k, G)- closed structures in (X, k, G). Then for each aeA, [X]« NQu is (x,
G)- open.

M{IX]« NQo: ace A} is (k, G)- open that is [X]« N(PN {Qa: a€A}) is (x, G)- open sothat [N {Q.: aeA} is
(k, G)-closed in (X, x, G) .

Definition 2.8:
(x, G)-IntQ = \M{P: Pis (x, G)-open and PQ Q } and

(, G)-CIQ = PN{Q: Q is (x, G)-closed and QOQ }.

Proposition 2.9: Let Q, Q; and €, be the indexed structures over (X, k) . Then

(i) (x, §)-Int[D]« = [D]« and (k, §)-Cl [D]« = [D]«.
(i) (x, G)-Int[X]« = [X]« and (x, G)-CI [X]« = [X]«.
(iii) (x, §)-IntQ is (k, G)- open
(iv) (x, §)-CIQ is (x, G)- closed
(V) (x, §)-INtQ © Q B (x, G)-CIQ
(vi) Q1 Q2= (x, §)-IntQ: S(x, §)- IntQ, and(k, §)-CIQ: S (x, G)-CIQ;
(vii)  Q is (x, G)- openiff (k, §)-IntQ = Q.
(viii)  Q is (x, G)- closed iff (xk, G)-ClIQ =Q
Proof:
The assertions (i) and (ii) are obviously true. If Q is [J]« or [X]« then from (i) and (ii) it follows
that (i, §)-IntQ and (x, §)-ClQ are (x, §)-open and (x, G)- closed in (X, «, G) respectively.
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Since the arbitrary indexed union of (k, §)-open structures is (k, G)-open and since the arbitrary indexed
intersection of (x, G)-closed structures is (k, G)-closed it is clear that (k, G)-IntQ and (x, §)-CIQ are (x,
G)-open and (k, G)- closed in (X, x, G) respectively. This proves (iii) and (iv).

(x, G)-IntQ © Q B (x, §)-CIQ is obviously true when Q is []« or [X]«. Suppose Q is neither [J]« nor
[X]« .

(x, G)-IntQ = N{P: P is (x, G)- open and PQ Q }Q M{Q: P is (k, G)- open and PQQ }=Q

(x, G)-CIQ =]N{Q: Q is (x, G)-closed and QOQ }© N{Q: Q is (x, §)-closed and QOQ } =Q.

This proves (V).

Suppose Q1 © Q».

(1, G)-IntQ = [J{P: P is (x, G)- open and PQ Q1 }QM{P: P is (x, §)- open and PQ Q: }= (k, G§)-IntQ,

.(K, G)-CIQ, =N{Q:Q is (x, §)-closed and QO Q. }ON{Q:Q is (k, G)-closed and QO Qu}= (k, §)-CIQ;.
This proves (vi).

(x, §)-IntQ = Q. = Q is (x, G)-open . Conversely
Q is (x, G)-open = (k, §)-IntQ =[J{P: P is (k, G)-open and PQQ }OQ that implies
(x, G)-IntQ = Q..

(x, §)-ClIQ=0Q. = Q is(k, G)-closed . Conversely
Q is (x, G)-closed = m-CIQ =/N{Q: Q is (k, §)- closed and QOQ}QQ that implies
(x, )-CIQ2 = Q. This proves (vii) and (viii).

Proposition 2.10:

Let Q; and Q; be the indexed structures on X. Then
(i) (x, G)-Int M (x, §)-IntQ,  (x, §)-Int (Q N Q)
(i) (k, G)-Int N (x, G)-IntQ, = (k, §)-Int (Q1 [N Q)
(iii)  (x, §)-Cl Q1 M (x, G)-Cl Q, = (x, G)-Cl (Q1 [ ©2)
(iv)  (x, §)-ClO: N (x, §)-Cl Q O(k, G)- Cl (1 N Q2)

Proof:

(K, g)-thl @ O and (K, g)-thz @ Q) :>(K, g)-lntQ1 M (K, g)-lnth @ (Ql M Qz)

=(x, §)-Int ((x, G)-IntQ1 M (k, §)-IntQ> ) D(x, G) Int (1 M Q).
Since (x, §)-IntQ: M (x, G)- IntQ; is (x, G)-open, from the above we have

= (x, §)-IntQ1 N (x, §)-IntQ: D (x, G)-Int (1 M Q). This proves (i).
Applying the same technique we also have (k, §)-IntQN (x, §)-IntQ:Q(k, G)-Int (QNQ2). Qi1 NQQM
and Q1 [NQQQ=>(k,G)-Int(QNQ2) D (ic,G)-IntQ; and
(K,g)-lnt(leQz)(@(K,g)-lnth

= (K, g)-lnt (legz)@(l{, g)-thl @(K, g)-lnth.
(,9)-IntQ: N (x,5)-IntQQ (k,G)-Int(Q1 NO,) and
(,9)-Int(QNQ) D (x,G)-IntQu N (x,G)-IntQ, which implies
(x, G)-Int N (x, §)-IntQ; = (k, §)-Int (Q1 N Q). This proves (ii).

(x, §)-CIQ:Q; and (k, G)-CIQ, © Q» = (k, §)- CIQ1 [ (k, §)-CIQ © (1 [M Q)
=(x, §)-Cl (CIu[] (x, §)-CIQ2) O (k, §)-Cl (1 [ Q).

Since (k, §)-CIQ: N (x, G)-CIQ; is (x, G)-closed we have
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(, §)-CIQu [ (k, §)-CIQ: O (x, G)-CI(Qu [ Q).
Since Q1 © Q1 N Q2 and Q2 © Q1 M Q2 we have (k, G)-CluQ (x, G)-CH(Q1 M Q) and (x, G)-ClIQ2Q
(x, G)-Cl(Q1 N ©2) so that (k, G)-CIQ1 M (x, §)-CIQ, © (k, §)-Cl(Q1 MQ2). This proves (iii).

Since (k, §)-CIQ1©@Q; and (k, §)-ClQ, @ Q. we have
(x, G)-Cl Q1[N (x, G)-Cl QO (1 N Q2) so that
(x, G)-Cl 1 N (x, §)-Cl Q2 @ (x, §)-Cl (1 N Q). This proves (iv).

Proposition 2.11:
Let Q be an indexed structure on X.

(OIX] Nk, G)-IntQ = (x, G)- CI([X]< N ©)
()X« N(x, §)-ClQ = (x, §)-Int([X]« N Q)

(i) [X] N(e, §)-Int([X]« N ©Q) = (, 6)-Cl Q
(iV)[XT N, §)-CI[X]x N Q) =(x, G)-Int Q
Proof:
[X1« N(x, )-IntQ =[X]« N (M{P: P is (x, §)- open and P& Q })
=P{IX]« NP: P is (x, G)- open and P& Q }
= H{Q: Q is (x, G)-closed and Q © ([X]x N ©) }
= (x, §)-CI([X] N Q).
[XTx N(x, §)-CIQ =[X]Jx N (/{Q: Q is (x, G)-closed and Q@ Q } )
=M{[XIx NQ: Q is (x, G)-closed and Q© Q2 }
=[M{ P: Piis (, G)-open and PO([X]x N Q )}
= (x, §)- Int([X]x N Q).
[X1e N, §)-Int(IX] N @) = [X] N([X]« N CI ©)

= (x, §)-ClQ
[X] Nk, §)-CI([X]< N Q) = [X]« N(IX]« N(x, §)- IntQ)
=(x, §)-Int Q.

3.Nearly (x, G)-open structures
The following expressions for an indexed structure Q will be useful in sequel.

Expressions 3.1:

) Q)= (k G)-Int((, §)-Cl ((, G)-Int Q))
(i) MY =(x, §)-Cl ((x, §)-Int Q)
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(i) wQ)=(x, g)-Int ((x, §)-Cl Q)
(iv)  v(©)=(x, §)-Cl ((x, §)-Int ((xx, G)-Cl 3))
Properties:
(i) (k, §)-Int QS n(Q) OMQY) © v(Q)S(x, G)-Cl Q.
(i) (s G)-IntQOM(Q) OQ) © V() B(x, §)-Cl Q.
(iii) M) = MQ).
(iv)  p(u(Q) = p().
Definition 3.2 :

Let Q be an indexed structure of X. Then Q is

(i) (i, G)-regular open if Q =p(Q),

(i) (x G)-semiopen if QOMQ),

(i) (<, G)-pre open if QO p(Q),

(iv) (< g)-a-open if QOn(Q),

(v) (< G)-p-open if QOV(Q)

(vi)  (x, G)-b-open if Q SUOQMMD)

(vii))  (x, G)-b*open if Q=p(Q)M MY

(viii)  (x, G)-*b-open if O © WOQN MQ)

(ix)  a(x, §)-p-structure if A(Q) © u()

() a(x, g)-g-structure if p(Q)OA(Q)

(xi)  a(x, §)-Q-structure if p(Q)=1Q)
Diagram 3.3:

(x, G)-regular open = (k, G)-open = (x, G)-o-open = (k, G)-semiopen

I )
(x, G)-preopen = (x, G)-b-open - (x, G)-B-open

Diagram 3.4:

(x, G)-*b-open = (x, G)-b-open « (x, G)- b*-open

Diagram 3.5:

(x, G)-p-structure « (x, G)-Q-structure - (x, G)-g-structure

Proposition 3.6:
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[©]«and [X]« are (i) (x, §)-regular open, (ii) (i, G)-semi open, (iii) (k, G)-pre open,

(iv) (x, G)-a-open, (V) (x, G)-B-open , (vi) (x, G)-b-open, (vii) (k, G)-b*-open,

(viii)(k, G)-*b-open, (ix) (k, G)-p-structures , (X) (k, §)-g-structures , (xi) (x, G)-Q-structures
Proposition 3.7:

(1) () is (k, G)-regular open

(i)  is (k, G)-semi open if and only if (k, G)-Cl Q =A(Q) ,

(iii) Q is (k, G)-B-open if and only if (x, G)-Cl Q =v(Q)

(iv)) Q is a(x, G)-p-structure if and only if [X]« ] Q is a (x, G)-p-structure

(V) Q is a(k, §)-g-structure if and only if [X]« N Q is a (k, G)-g-structure

(vi) Q is a(x, §)-Q-structure if and only if [X]« ] Q is a (k, G)-Q-structure

(vii) Q is a(k, G)-Q-structure if and only if it is a (k, G)-p-structure and a (k, G)-g-structure
Corollary 3.8:

(D)IfQ is (k, G)-pre open then (k, G)-Cl Q =v(Q).

(i) IF Q is (x, G)-a-open then (k, G)-Cl Q =A(Q)).

(ii)If Q is (k, G)-b-open then (x, G)-Cl Q =v(Q).

(iV)If Q is (x, G)-*b-open then (k, G)-Cl Q =v(Q).

WIF Q s (k, G)- b*-open then (k, G)-Cl Q =v(Q).

4.Nearly (x, G)-closed structures

Definition 4.1 :

Let Q be an indexed structure of X. Then Q is
(1) (x, G)-regular closed if Q =\ (Q),
(i) (x, G)-semi closed if p(Q)DQ,
(iii) (x, G)-pre closed if M(Q) Q,

(iv) (x, §)-a-closed if v(Q)Q Q,
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(V) (x G)-p-closed if n(Q)© Q
(vi)  (k, G)-b-closed if w(Q) N AMQOQ
(vii)  (x, G)-b*-closed if p(Q) ;N AM(Q) =Q
iii)  (x, G)-*b-closed if pQ) MQ)OQ
Proposition 4.2 :
Let Q be an indexed structure of X. Q is
Q) (x, G)-regular closed if and only if [X]« NQ is (k, G)-regular open.
(i) (x, G)-semi closed if and only if [X]. NQ is (x, G)-semi open.,
(iii)  (x, G)-pre closed if and only if [X]« NQ is («, G)-pre open.
(iv) (x, G)-a-closed if and only if [X]« NJQ is (k, G)-a-open.,
(v) (x, G)-B-closed if and only if [X]« NQ is (k, G)-B-open.
(vi) (x, G)-b-closed if and only if [X]x NQ is (k, G)-b-open.
(vii)  (x, G)-b*-closed if and only if [X]x NJQ is (x, G)-b*-open.
(viii)  (x, G)-*b-closed if and only if [X]k N is (k, G)-*b -open.
Diagram 4.3:

(x, G)-regular closed = (x, G)-closed = (k, G)- a-closed - (k, G)-semiclosed
J I
(x, G)-preclosed = (k, G)-b-closed - (k, G)- B-closed

Diagram 4.4:
(x, G)-*b-closed = (x, G)-b-closed « (k, G)- b*-closed
Proposition 4.5
[2]«and [X]« are (i)(x, G)-regular closed, (ii) (x, G)-semi closed ,(iii) (k, G)-pre closed
(iv)(ic, G)-a-closed , (v) (, G)-B-closed , (vi) (k, G)-b-closed, (vii) (i, G)-b*-closed
(viii) (x, G)-*b-closed.
Proposition 4.6:
(i) A(€Y) is (x, G)-regular closed
(if) Q is (x, G)-semi closed if and only if (k, G)-Int Q = () ,
(iii) Q is (x, §)-p-closed if and only if (x, G)-Int Q =n(Q)
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Corollary 4.7:

(i)If Q is (x, G)-pre closed then (k, G)-Int Q =n(Q).
(ii) If Q is (x, G)-a-closed then (k, G)-Int Q =p(QY).
(iii)If Q s (x, G)-b-closed then (k, G)-Int Q =n(Q)
(iV)If Q is (k, G)-*b-closed then (k, G)-Int Q =n(Q)

(WIfQ is (x, G)-b*closed then (k, G)-Int Q =n(Q)

Conclusion:

A topological structure has been introduced on the indexed structures. This topology is known as indexed
topology. The weak and strong form of open sets in general topology have been studied in the settings of indexed
topology.
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