International Journal of Future Generation Communication and Networking
Vol. 13, No. 4, (2020), pp. 1702-1711

On Algebraic Structures on k-Intuitionistic Q —Fuzzy Quotient
Group

“'Premkumar M ,*’Swaminathan S, *Thangamani P and *Prasanna A
“'Research Scholar, PG and Research Department of Mathematics,
Jamal Mohamed College (Autonomous), (Affiliated to Bharathidasan University),
Assistant Professor, Department of Mathematics, Kongunadu College of
Engineering and Technology,Tiruchirappalli-620020, Tamilnadu, India.
?Assistant Professor, Department of Mathematics, K. RamakrishnanCollege of
Engineering Tiruchirappalli, Tamilnadu, India.
$Assistant Professor, Department of Mathematics, Kongunadu College of
Engineering and Technology, Tiruchirappalli-620020, Tamilnadu, India.
*PG and Research Department of Mathematics, Jamal Mohamed College
(Autonomous), Tiruchirappalli-620020, Tamilnadu, India.

Email: ‘mprem.maths3033@gmail.com,’nathan.swami013@gmail.com,

Svarshinimaths@gmail.com,*apj_jmc@yahoo.co.in,

Abstract

In this paper, we introduced ofk — Intuitionistic Q —fuzzy quotient group, k —
Intuitionistic Q —fuzzy cosets of an Intuitionistic Q —fuzzy normal subgroup are
defined and discussed. A homomorphism from a given group onto the set of all
K — intuitionistic Q —fuzzy quotient group is established. Some related results has
been derived.
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1. Introduction

The fundamental concept of fuzzy sets was initiated by Zadeh L[21] in 1965
.Since then these ideas have been applied to other algebraic structures such as
groups, rings, modules, vector spaces and topologies. In 1986, introduced the new
notation on Intuitionistic Fuzzy Sets by Atanassov K T[1]. Barbhuiya S R[4],
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introduced the concept of t- Intuitionistic Fuzzy Sub algebra of BG-Algebras in
2015.

Atanassov K T[2], introduced the new notation on Intuitionistic Fuzzy
Versions of L. Zadeh’s extension principle in 2006. In 1994, developed the
concept of new Operations defined over the intuitionistic fuzzy sets by Atanassov
K T[3]. Szmidt E and KacprzykJ[19], introduced the concept of Intuitionistic
Fuzzy Sets in group decision making in 1996. In 2015, developed the concept of
Doubt Intuitionistic Fuzzy Ideals in BCK/BCI-Algebras by TriptiBej and
MadhumangalPal[20].BavanariSatyanarayana, BinduMadhavi and Durga Prasad
R[5], introduced the new notation On Intuitionistic Fuzzy H-ldeals in BCK-
Algebras in 2010. Sharma P K[15], developed the concept of Intuitionistic Fuzzy
Module over intuitionistic FuzzyRing in 2012.1n 2012, initiated by the concept of
t- Intuitionistic Fuzzy Quotient Group by Sharma P K[14]. MuhammdAkram[9],
introduced the new notation of Intuitionistic Fuzzy Closed Ideals in BCl-algebras
in 2006. In 2012, initiated by the concept of t- Intuitionistic Fuzzy Quotient
modules by Sharma P K[13]. Sharma P K[10], developed the notation of (o, B) —
Cut of Intuitionistic Fuzzy Groups in 2011.1n 2009, introduced the new concept of
A new structure and Construction of Q-fuzzy Groups by Solairaju A and
NagarajanR[16],BodinKesorn, KhanrudeeMaimun, WatcharaRatbandan and
Aiyaredlampan[6],introduced the concept of Intuitionistic Fuzzy Sets in Up-
Algebras in 2015. In 2015, develop the concept of Intuitionistic Fuzzy Filters On-
B algebras by Sujatha K Chandramouleeswaran M and Muralikrishna P[18].
Sharma P K][12] initiated by the concept On the direct product of Intuitionistic
Fuzzy Groups in 2012. In 2014, introduced the concept of An Overview On
Intuitionistic Fuzzy Sets by Ejegwa P A, Akowe SO, Otene P M and lkyule J
M[8]. Sharma P K[11],develop the notation of Homomorphism of Intuitionistic
Fuzzy Groups in 2011.In 2001, initiated by the concept of An application of
Intuitionistic Fuzzy Sets in Medical diagnosis by SupriyaK.De, Biswas R and Roy
A R[17]. Dengfeng Li, Cheng Chutian[7],introduced the concept of New Similarly
Measure of IFS and Application of Pattern recognition in 2002.

In this paper, we introduce the notion of k-Intuitionistic Q —Fuzzy cosets of an
intuitionistic Q —fuzzy normal subgroup and k-Intuitionistic Q —Fuzzy Quotient
Groupand discuss some of their properties.

2. Preliminaries

In this section,we site the fundamental definitions that will be used in the
sequel.

2.1 Definition [ZadehL A (20)]

Let X be a non-empty set .A FSb of the set X is a mapping p: X— [0, 1].
2.2. Definition [Atanassov K T(1)]

Let X be a fixed non-empty set. AnIFS A of X is an object of the

following from A = {< x, uy(x), v4(x) >:x € X}, where py: X - [0,1]
and v4: X — [0,1] define the degree of membership and degree of non-
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membership of the element x € X respectively and for any x € X, we have
0<puu(x)+vylx) <1.

2.2.1 Remark

Q) When py(x) +v4(x) =1, ie., whenvy(x) =1 —ps(x) =
1€ (x). Then Ais called FS.
(i)  We use the notation A = (u4,v,4) to denote the IFS A of X.

2.3 Definition [Sharma P K (11)]

Let G be a group. An IFSbA = (uy,v,) of Gis called IFSG of G if
() ta(xy) = pa () A (y)
(ii) pa(x™) = pug(x)
(i) va(xy) < va()Vva(y)
(iv) v H=v,(x),Vx,y€EG
or Equivalently A is IFSG of G if and only if u,(xy™) >
ta () Aus (v) and vy (xy) < va () Vv ().

2.4 Definition [Sharma P K (11)]

An IFSG A = (uy,v4) of agroup G is said to be IFNSG of G if

() walxy) = palyx)

@iy  wvy(xy) =vy(yx), forallx,y € G
Or Equivalently A is an IFNSG of a group G is normal if and
gnly if gy~ xy) = ua(x) and vy (v 'xy) = va(x),V ¥,y €

2.5 Definition [Sharma P K (10)]

Let A be IFS of a universe set X. Then (a, 8)-cut of A is a crisp
subset Cap(A) of the IFS A is given by
Cop(A) = {x:x € X such that uy(x) 2 a, v4(x) <}, where a,f €
[0,1] with @ + 5 < 1.

2.6 Theorem

If Ais IFS of agroup G. Then Ais IFSG(IFNSG) of G if and only
if Cq 5 (A) is a subgroup (normal) of group G, for all a, f € [0,1] with
a+p <1

2.7 Definition[Solairaju A and Nagarajan R (16)]

Let Q and G a set and a group respectively. A mapping u: G X Q — [0,1] is
named Q — FS in G. For any Q — FSp in G and t € [0,1] we define the set
Uwt)y={xeG /[u(x,q) =t q € Q }whichis named an upper cut of “u” and
may be use to the characterization of p.
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2.8 Definition [Solairaju A and Nagarajan R (16)]

AQ— FSuisnamed Q — FSG of G if
1. p(xy,q) = minidu(x, q), u(y, q)}
2. u(x7hq) = puxq)
3. u(x,q) =1, forallx,y € Gandgq € Q.

3. On algebraic structures on k-Intuitionistic @ —Fuzzy Quotient
Group

3.1 Definition
Let A be an IQFSNG of a group H. Let k€ [0,1] and q € Q.For
any m € Hdefine anIQFSA*,, of His called k-Intuitionistic q — fuzzy

Coset of A in H as follows
A% (9, @) = {64, (9, 90), Dax, (9, D},
where

¢, (g,q) = {64(gm™, QO Ax}and B« (g,q) = {B4(gm™, @)A1 — K},
vYm,g € Hand q € Q.

3.2 Proposition

Let S and Q be the set of all x-Intuitionistic ¢ —fuzzy cosets of an
IQFNSGA in H.i.e.,S={A,,”:m € Hand q € Q}. Then the binary
operations @  defined on the set S as  follows:
A<, ® A¥, = A¥,,,,Ym,n € Hand q € Q isawell defined operation.
Proof:

Let A%, =A% ' and A<, =A*_  , for some m,n,m,n €
H and q € Q.

Let g € Hand q € Q ne any element, then

[4n" ® 4,°1(9, @) = (A“ ) (9, D) = (Oar,,, (9, 9), Dax,,, (9, 9))

Now

Oa%,, (9, @) = (049 ((mn) ™, A} = {6,((gn~"Im™, ) Axc}
=04, (gntq) = Oy . (gn,q)
= {BA ((gn‘l)m'_l, q) /\K} = {HA ((gm'_l)n‘l, q) /\K}
= Oyr, (m’_lg»q) = HA"n' (m’_lg' q)
= {BA ((gm'_l)n'_l, q) /\K} = {HAn’_l(gm’_l,q)/\K}
= {BA(n'_Ilrln'_l,q)g/\K} -
={6a((mn) g, )N} = {04(g(m n) ™", @) Ak}
= HAKm,n, 9@
Similarly, we can show that
Oax,, (9,4) = Dux . .(9,9), Vg € Hand q € Q.
Therefore & is well defined operation on S.
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3.3 Lemma

If A is IQFNSG of a group G. Then A*, =4, © Nm=

Nm',vm,m € Hand q € Q. where N = Ce1-x (A, Q).

Proof:

Let A<, = A* ' form,m € Hand q € Q

then A%, (m', @)=A* ' (m', q)
(5o ), [0, )1~ )
= ({84(m'm' ™", @)K}, {@4(m'm ', q)V1 — k})
= ({BA (e, CI)/\K}, {®A (8, q)vl - K}
={k,1— K}
={0,(m'm' ™", q) A} = kand{@,(m'm ", q)V1 — Kk} =1 -«
=0,(m'm ™', q) = kand@,(m'm 7', q) <1 -«
andsom'm ' € Ci1-x(A) =N
DNM = N oo (D
Now, we show that if Nm = Nm/, then 4%, = A%, .
Let forsomen € Hand q € Q,A*,,(n,q) #= A*,,y (n,q)
i.e. ’ ({HA (mn—l’ CI)/\K'}, {QA (mn—l’ CI) V - K}) *
({84 n™!, QAR {B4 (' ™", DAL — K3}
Suppose 8,(mn~1,q) < kand 8,(m'n"t,q) >k
Therefore §,(mn1,qg) <1—kand @,(mn1,q) <1—k
S>mnt€C,_ (A)=N

> Nmnl!=N=Nmn!=N(Usingl)> mnleN

and so 8,(mn™1,q) > k, a contradiction,

Similarly, if 6,(mn™1,q) >k and 6,(mn~1,q) <k also leads to
contradiction. Therefore either 8,(mn~',q) >k and 6,(m'n~',q) >
kie,pa(mntq)<1-—xk and
P.(mntqg)<1—korf,(mntq) <kie. @,(mntq) <1-—
kand @,(mn~1,q) <1—«k.

In First Part:

{0,(mn Y, Ak} =k and {@,(mnL, POA1 — Kk} =1 —«k

and so A*,,(n,q) = (k,1 — k) and also
=>{8,(mn"Y,q)Vk} =kand {@,(mn" L, Al -k} =1—k

and so

> A, (nq)=01—-k). Thus A*,(nq)=A4%,0nqg),Vne
H and q € Q.

Akm = AK

m -

In Second Part:

ISSN:

{6s(mn~", Q) Nic} = 6,(mn~,q) <k
and{@,(mn~1,q)Vl—k}=1—«
and also
=>{8,(m'n"Y, Ak} = 0,(m'n,q) < k
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and{@,(mn=1,q)Vl—k}=1—«
Now since Nm = Nm/,
therefore letm = Nm', where a € N and q € Q.
Sothat 84(a,q) = kand @4(a,q) <1—k
A< (n,q) = ({4(nm’ ™, @Mk {84 (nm' ™, @)V — k)
= (0,(nm™a,q),1 — k)
= (0,(anm™1,9),1 — k)
> (64(a,q) N O4(nm~, ), 1 — k)
= (HA (nm—l’ q)' 1- K)
= ({6s(nm™, Ak}, {B4(nm ™1, @)V — K}
= A" (n,q)
Thus 4%’ (n,q) = A*,,(n,q),Yyn € Hand q € Q..

Similarly A%, (n,q) = ({8a(nm™Y, Q) Ak}, {04 (nm™1, q)V1 — k})
= (6a(nm™, )1 — k)
= (0,(mm a7l q),1 -«
> (84(a,q) N HA(nm'_l,q), 1—k)
= (HA (nm’_l, q), 1- }c)
= ({84 (nm' ™", q) Ak}, {94 (nm 1, @)V —

= A", (n,q)
Thus A*,,(n,q) = A%, (n,q),Yn € H and q € Q.
A (n,q) = A%y

3.4 Proposition

The set Q and S of all k-Intuitionistic g — fuzzy cosets of an
IQFNSG A of a group H and q € Q, from a group the well-defined
operations .

Proof:

It is easy to check that the identity element of S is A*, where e is
the identity element of group Hand , and the inverse of an element A*,, is
A*, -1

3.5 Proposition

A mapping f:G — S, where G is a group and Sis the set of all -
Intuitionistic g —fuzzy cosets of the IQFNSGA of G defined by f(m, q) = A*,,, is
an onto homomorphism with ker f = N(= C,.1—.(4,q)), where k € [0,1]and q €
0.

Proof:

Clearly f is an onto homomorphism

Let m € kerfand q € Q, then f(m, q) =identity element of S = A*,

Therefore A*,, = A, sONm =Ne=N=meN

=kerf S N

Conversely, letm € N = Nm = N so that
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Nmgl=Ng'vgecGandqE€Q.

If possible let m & kerf

i.e., A, # A* there fore there exists g € G and q € Q

such that A*,,,(g,q) # A“.(9,9).

Suppose 8, (mg~1,q) <k andB8,(g97 %, q) = K, i.e.,0,(mg L, q) <1—«k
and Pa(g7hq) <1—«k

Therefore 0,97 q) =k and 0,97, q)<1—-Kk=>g'e€
NsoNg'=N

~ Nmg~! =N = mg~! € Nand so 8,(mg~1) = «, a contradiction.

Similarly, 8,(mg~t,q) = kand 8,(g™ 1, q) < k is not possible.

~either8,(mg=1,q) 2 x,0,(9g71,q) <kie,0,(mgt,q) <1—«k

and @,(g71,q) <1—kor

6a(mg™',q) <x,64(g7"q) <k ie,Bu(mg,q) S1 -k
and @,(g71,q) <1—k

In First Part:
{64(mg™, @) A\i} = kand{@,(mg™, @)Vl —k} =1 -k
andso A*,,(g,9) = (k,1— k)
Similarly we get, 4%,,,(g,9) = (k,1 — k). Thus 4*,,,(g,q9) = A“.(g,q).

In Second Part:
{6,(mg™", Q) \k} = 6,(mg™,q) <k
and{@,(mg~t,q)Vl —k}=1—«
A, (9,q9) = ({Ba(mg ™, O AK}, {B,4(mg ™, )V1 — k})
= (HA(mg_lﬂ Q)' 1- K)
= (HA(TTL, Q) N HA(g' Q): 1- K)
=(0,(9,9),1—kK)[~-mENandq € Q - 04(m,q) =k
and BA(g; q) = BA(g_lr q) < K]
= ({64(eg, DN} {D4(eg™ ", @IV1 — Kk}
=A".(9,9)
= (HA (g—l’ q)r 1- K)
= (BA (mg—lm—1’ Q): 1- K)
[As Ais IQFNSG of Gso8,(mg~*m™,q) = 0,(g7 1, ) ]
>(04(mg~",q) N 64(m,q), 1 — k)
= (HA (mg—l’ q)' 1- K)
= A" (9,9)
i.e., f(m,q) = identity element of S and so m € ker f and q € Q.
N < kerfsokerf = N.

3.6 Proposition

If f:G — S, is an onto homomorphism, then f (4, q) = B, where A is IQFS
of Gand B isIQFS of S.

Proof:
Let A“, € S be any element of S, where x € Hand q € Q such that
fx,q) = A%,
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Let A be IQFSof G, then
f(A, q)(A,)
_ {(Sup{HA(m, q):m € fH(A )}, Inf{@,(m,q):m € f~1 (4D}

(HA (e' Q)ﬁ ¢A (8, q))

— {(Sup{eA(m’ Q):Axm = AKx}l Inf{(DA (m: q):AKm = Akx})
(HA (e, Q), (DA (e, Q))
= B(4",)
Hence f(4,q) = B

3.7 Theorem

Let AbealQFNSG of Gand B beaIQFSGof S, then C, 1. (B,q) =
{A%,}.
Proof:
Now B(A*.) = {05(A" ), Dp(A" )},
where 65 (A4*,) = Sup{6,(m,q): Nm = N}
= Sup{0,(m,q): m € N}
> 04(a,q),Va€ Nandq € Q = C,.1—(4,q)
=K
Similarly, we can show that @,(4*,) <1 —k.
Thus A%, € C,.1—(B,q)
Let A, € C1—(B,q) = 05(A",) = kand Pp(4°,) <1 -k
Let a; = 05(4%,) = Sup{B4(m,q): Nm = Nx}
and a; = @5 (4*,) = Inf{@4(m,q): Nm = Nx}.
Therefore ¢y = kand a, < 1 — k.
Let € > 0 be given there exist such that m,n € Hand q € Q such that
Nm = Nxsothatmx~' =a; € Nand 8,(m,q) > a; — e > k — € and
Nn=Nxsothatnx '=a, e Nand@,(n,q) <ay +e<(1—k) +¢€
04(x,q) = O4(xaraz ™", q) = 64(xay, q) N Ba(ar,q)
_{ >k if6,(xaq,q) = kand
= O4(xay,q) ifOq(xas,q) <k
0a4(x,q) = Ba(xaza, ™", q) < B4(xaz q) UBy(az q)
_{ <1-«kifd,(xa,q) <1—-«
= Qa(xaz q) if Oa(xaz q) >1—k
Thus in any case 64(x,q) > k —eand 4(x,q) < (1 — k) + ¢, for all
e>0
=60,(x,q) = kand@,(x,q) < (1 — k)= x € ;.1 (4)
=>Nx = Nsod*, = A",
Hence CK,l—K (B, CI) = {Ake}'
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