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Abstract 

 

In this paper, we study the controllability of certain evolution differential systems, sufficient conditions 

ensuring the controllability of semilinear neutral evolution integro differential systems with nonlocal 

initial conditions in a separable Banach space. The results are obtained by using Hausdorff measure of 

noncompactness and a new calculation methods are employed for achieving the required results.  
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1 INTRODUCTION 

  

In science and engineering, many problems that are related to linear viscoelasticity, nonlinear elasticity 

and Newtonian or non-Newtonian fluid mechanics have mathematical models. Popular models 

essentially fall into two categories: the differential models and the integrodifferential models. A large 

class of scientific and engineering problems is modelled by partial differential equations, integral 

equations or coupled ordinary and partial differential equations which can be described as differential 

equations in infinite dimensional spaces using semigroups. In general functional differential equations 

or evolution equations serve as an abstract formulation of many partial integrodifferential equations 

which arise in problems connected with heat-flow in materials with memory and many other physical 

phenomena. 

 

Controllability of linear and nonlinear systems represented by ordinary differential equations in 

finite-dimensional spaces has been extensively investigated. The problem of controllability of linear 

systems represented by differential equations in Banach spaces has been extensively studied by several 

authors [10]. Several papers have appeared on finite dimensional controllability of linear systems [13] 

and infinite dimensional systems in abstract spaces [9]. Of late the controllability of nonlinear systems 

in finite-dimensional spaces is studeid by means of fixed point principles [1]. Several authors have 

extended the concept of controllability to infinite-dimensional spaces by applying semigroup theory [8, 

18, 23, 24]. Controllability of nonlinear systems with different types of nonlinearity has been studied by 

many authors with the help of fixed point principles [2]. Naito [17] discussed the controllability of 

nonlinear Volterra integrodifferential systems and in [15, 16] he studied the controllability of semilinear 

systems whereas Yamamoto and Park [22] investigated the same problem for a parabolic equation with 

a uniformly bounded nonlinear term. 

 

2 PRELIMINARIES 

  

Consider the class of sobolev-type semilinear neutral functional integrodifferential system with 

nonlocal conditions of the form  

          
𝑑

𝑑𝑡
[𝐸𝑥(𝑡) − 𝑔(𝑡, 𝑥(𝑡))] = 𝐴(𝑡)𝑥(𝑡) + 𝐵𝑢(𝑡) + (2.1) 

                  𝑓 (𝑡, 𝑥(𝑡), ∫
𝑡

0
𝑘(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠, ∫

𝑎

0
ℎ(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠) , 𝑡 ∈ [0, 𝑏], 

 𝑥(𝑡) + 𝑞(𝑥) = 𝜙(𝑡)      𝑡 ∈ [−𝑟, 0] (2.2) 

 where the state variable 𝑥(⋅) takes values in a separable Banach space 𝑋 with norm ∥⋅∥ and the 

control function 𝑢(∙) is given in ℒ2(𝐼, 𝑈), a Banach space of admissible control functions with 𝑈 as a 
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Banach space the interval 𝐼 = [0, 𝑏]. 𝐸  and 𝐵  is a bounded linear operator from 𝑈  into 𝑋  and 

𝐴(𝑡): 𝐷𝑡 ⊂ 𝑋 → 𝑋 generates an evolution system {𝑈(𝑡, 𝑠)}0≤𝑠≤𝑡≤𝑏 on the separable Banach space 𝑋. 

The functions 𝑔: 𝐼 × 𝐶 → 𝑋 , 𝑓: 𝐼 × 𝐶 × 𝑋 × 𝑋 → 𝑋 , 𝑘: 𝐼 × 𝐼 × 𝐶 → 𝑋  ℎ: 𝐼 × 𝐼 × 𝐶 → 𝑋 , 

𝑔: 𝒞(𝐼, 𝑋) → 𝑋 are given functions. Here 𝐶 = 𝐶([−𝑟, 0], 𝑋) is the Banach space of all continuous 

functions 𝜙: [−𝑟, 0] → 𝑋 endowed with the norm ∥ 𝜙 ∥= 𝑠𝑢𝑝{|𝜙(𝜃)|: −𝑟 ≤ 𝜃 ≤ 0}. Also for 𝑥 ∈
𝐶([−𝑟, 𝑏], 𝑋) we have 𝑥𝑡 ∈ 𝐶 for 𝑡 ∈ [0, 𝑏], 𝑥𝑡(𝜃) = 𝑥(𝑡 + 𝜃) for 𝜃 ∈ [−𝑟, 0]. The norm of the 𝑋 

is denoted by ∥∥̇. 
 

Throughout this paper, {𝐴(𝑡): 𝑡 ∈ ℝ} is a family of closed linear operators defined on a common 

domain 𝒟 which is dense in 𝑋 and we assume that the linear non-autonomous system  

 𝑢′(𝑡) = 𝐴(𝑡)𝑢(𝑡),    𝑠 ≤ 𝑡 ≤ 𝑏, 
 𝑢(𝑠) = 𝑥 ∈ 𝑋, (2.3) 

 has associated evolution family of operators {𝑈(𝑡, 𝑠): 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑏}. In the next definition, ℒ(𝑋) is 

a space of bounded linear operators from 𝑋 into 𝑋 endowed with the uniform convergence topology. 

  

A family of operators {𝑈(𝑡, 𝑠): 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑏} ⊂ ℒ(𝑋) is called a evolution family of operators for 

(2.3) if the following properties hold:   

           1.  𝑈(𝑡, 𝑠)𝑈(𝑠, 𝜏) = 𝑈(𝑡, 𝜏) and 𝑈(𝑡, 𝑡)𝑥 = 𝑥, for every 𝑠 ≤ 𝜏 ≤ 𝑡 and all 𝑥 ∈ 𝑋;  

          2.  For each 𝑥 ∈ 𝑋, the function for (𝑡, 𝑠) → 𝑈(𝑡, 𝑠)𝑥 is continuous and 𝑈(𝑡, 𝑠) ∈ ℒ(𝑋) 

for every 𝑡 ≥ 𝑠 and  

   3.  For 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑏, the function 𝑡 → 𝑈(𝑡, 𝑠), for (𝑠, 𝑡] ∈ ℒ(𝑋), is differentiable with 
𝜕

𝜕𝑡
𝑈(𝑡, 𝑠) = 𝐴(𝑡)𝑈(𝑡, 𝑠).  

[19, 20] System (2.1) − (2.2) is said to be  controllable on the interval 𝐽, if for every initial functions 

𝑥0 ∈ 𝑋 and 𝑥1 ∈ 𝑋, there exists a control 𝑢 ∈ 𝐿2(𝐽, 𝑈) such that the solution 𝑥(⋅) of (2.1) − (2.2) 

satisfies 𝑥(0) = 𝑥0 and 𝑥(𝑏) = 𝑥1.  

 

A solution 𝑥(⋅) ∈ 𝒞([0, 𝑏], 𝑋) is said to be a mild solution of (2.1) − (2.2), then the following 

integral equation is satisfied.  

 𝑥(𝑡) = 𝐸−1𝑈(𝑡, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥) − 𝑔(0, 𝑥0)] + 𝐸−1𝑔(𝑡, 𝑥𝑡) 

 + ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝑠)𝐶𝑢(𝑠)𝑑𝑠 + ∫

𝑡

0
𝐸−1𝑈(𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑥𝑠)𝑑𝑠 

 + ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏)𝑑𝑠,    𝑡 ∈ 𝐼. 

 𝑥(𝑡) + 𝑞(𝑥) = 𝜙(𝑡)      𝑡 ∈ [−𝑟, 0] 
  We need the following fixed point theorem due to Schaefer [19] 

 

Theorem 1. Let 𝐸 be a normed linear space. Let 𝐹: 𝐸 → 𝐸 be a completely continuous operator, that 

is, it is continuous and the image of any bounded set is contained in a compact set and let  𝜁(𝐹) = {𝑥 ∈
𝐸: 𝑥 = 𝜆𝐹𝑥    𝑓𝑜𝑟  𝑠𝑜𝑚𝑒    0 < 𝜆 < 1}. Then either 𝜁(𝐹) is unbounded or 𝐹 has a fixed point. 

  

To study the controllability problem, we assume the following hypotheses:   

    (H1).  𝐴(𝑡) generates a strongly continuous semigroup of a family of evolution operators 𝑈(𝑡, 𝑠) 

and there exist constants 𝑀1 > 0 such that  

 ∥ 𝑈(𝑡, 𝑠) ∥≤ 𝑀1,         𝑓𝑜𝑟     0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑏, 
    (H2).  There exists a positive constant 0 < 𝑏0 < 𝑏 and, for each 0 < 𝑡 ≤ 𝑏0, there is a compact 

set 𝑉𝑡 ⊂ 𝑋  such that 𝑈(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠, ∫
𝑠

𝑜
𝑘(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏), 𝑈(𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑥𝑠),

𝑈(𝑡, 𝑠)𝐵𝑢(𝑠) ∈ 𝑉𝑡 and all 0 ≤ 𝜏 ≤ 𝑠 ≤ 𝑏0. 

    (H3).  The linear operator 𝑊: 𝐿2(𝐼, 𝑈) → 𝑋 defined by 𝑊𝑢 = ∫
𝑏

0
𝑈(𝑏, 𝑠)𝐶𝑢(𝑠)𝑑𝑠 has an inverse 

operator 𝑊−1 which takes values in 𝐿2(𝐼, 𝑈)/𝑘𝑒𝑟𝑊 and there exists a positive constant 𝑀2 

such that ∥ 𝐶𝑊−1 ∥≤ 𝑀2. 

    (H4).  (a) The function 𝑔: 𝐼 × 𝑋 → 𝑋  is continuous for a.e. 𝑡 ∈ 𝐼  and there exists a positive 

constant 𝑀𝑔 > 0, 𝐿𝑔 > 0 such that        

                     ∥ 𝑔(𝑡, 𝑥𝑡) ∥≤ 𝑀𝑔 ∥ 𝑥𝑡 ∥,  and ∥ 𝑔(0, 𝑥0) ∥≤ 𝐿𝑔 
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        (b) Also there exists a constant 𝑀𝐴 > 0 such that, ∥ 𝐴(𝑡)𝑔(𝑡, 𝑥𝑡) ∥≤ 𝑀𝐴 ∥ 𝑥𝑡 ∥, holds for 𝑡 ∈
𝐼  

    (H5).  (a) For each 𝑡 ∈ 𝐼, the function 𝑘(𝑡, 𝑠, . ): 𝐶 → 𝑋 is continuous and, for each 𝑥 ∈ 𝐶, the 

function 𝑘(. , . , 𝑥): 𝐼 → 𝑋 is strongly measurable.  

 (b) There exists an integrable function 𝑚𝑘: 𝐼 → [0, ∞) such that,  

     ∥ 𝑘(𝑡, 𝑠, 𝑥) ∥≤ 𝑚𝑘(𝑡)Ω1(∥ 𝑥 ∥),  holds for 𝑡 ∈ 𝐼, 𝑥 ∈ 𝐶,  where Ω1: [0, ∞) →
                       [0, ∞). is a continuous nondecreasing function.  

    (H6).   (a) For each 𝑡 ∈ 𝐼, the function ℎ(𝑡, 𝑠, . ): 𝐶 → 𝑋 is continuous and, for each 𝑥 ∈ 𝐶, the 

function ℎ(. , . , 𝑥): 𝐼 → 𝑋 is strongly measurable.  

 (b) There exists an integrable function 𝑚ℎ: 𝐼 → [0, ∞) such that,  

 ∥ ℎ(𝑡, 𝑠, 𝑥) ∥≤ 𝑚ℎ(𝑡)Ω2(∥ 𝑥 ∥), 
             holds for 𝑡 ∈ 𝐼, 𝑥 ∈ 𝐶,  where Ω2: [0, ∞) → [0, ∞).  is a continuous nondecreasing 

function.  

    (H7).  The function 𝑓: 𝐼 × 𝐶 × 𝑋 × 𝑋 → 𝑋 satisfies the Caratheódory conditions:   

 (a) For each 𝑡 ∈ 𝐼,  the function 𝑓(𝑡, . , . , . ): 𝐶 × 𝑋 × 𝑋 → 𝑋  is continuous and, for each 

(𝑥, 𝑦, 𝑧) ∈ 𝐶 × 𝑋 × 𝑋, the function 𝑓(. , 𝑥, 𝑦, 𝑧): 𝐼 → 𝑋 is strongly measurable.  

(b) There exists an integrable function 𝑚𝑓: 𝐼 → [0, ∞) such that,  

 ∥ 𝑓(𝑡, 𝑥, 𝑦, 𝑧) ∥≤  𝑚𝑓(𝑡)Ω3(∥ 𝑥 ∥ +∥ 𝑦 ∥ +∥ 𝑧 ∥), 

holds for 𝑡 ∈ 𝐼, 𝑥 ∈ 𝐶,  and 𝑦, 𝑧 ∈ 𝑋,  where Ω3: [0, ∞) → [0, ∞).  is a continuous 

nondecreasing function.  

    (H8).  The function 𝑞: 𝒞(𝐼, 𝑋) → 𝑋 is continuous and there exists a constant 𝑀𝑞 ≥ 0 such that ∥

𝑞(𝑥) ∥≤ 𝑀𝑞 , for 𝑥 ∈ 𝑋 

    (H9).  The following inequality holds: The function  

       𝑚̂(𝑡) = 𝑚𝑎𝑥{1, 𝑀1 ∥ 𝐸−1 ∥ 𝑚𝑓(𝑡), 𝑚𝑘(𝑡), 𝑚ℎ(𝑡), ∫
𝑡

0

𝜕

𝜕𝑡
𝑚𝑘(𝑡)𝑑𝑠, ∫

𝑎

0

𝜕

𝜕𝑡
𝑚𝑘(𝑡)𝑑𝑠}     

satisfies ∫
𝑏

0
𝑚̂(𝑠)𝑑𝑠 < ∫

∞

𝑑

𝑑𝑠

𝑠+2Ω1(𝑠)+2Ω2(𝑠)+Ω3(𝑠)
,   

    where         𝑑 =∥ 𝐸−1 ∥ 𝑀1[∥ 𝐸𝜙(0) ∥ +∥ 𝐸𝑀𝑞 ∥ +𝐿𝑔]  

      and  

 𝑑2 = 𝑀2 ∥ 𝐸−1 ∥ {∥ 𝑥1 ∥ +∥ 𝐸−1 ∥ [𝑀𝑔 + 𝑀1𝐿𝑔] + 𝑀1 ∥ 𝐸−1 ∥ 𝑀𝐴𝑏𝐾 

 +𝑀1 ∥ 𝐸−1 ∥ ∫
𝑏

0
𝑚𝑓(𝑠)Ω3[𝐾 + ∫

𝑠

0
𝑚𝑘(𝜏)Ω(𝐾)𝑑𝜏 + ∫

𝑎

0
𝑚ℎ(𝜏)Ω2(𝐾)𝑑𝜏]} 

 

3  CONTROLLABILITY RESULT 

 

Theorem 3.1 If the hypotheses [𝐻1] − [𝐻9]  are satisfied, then the system (2.1) − (2.2)  is 

controllable on 𝐼. 

Proof. Using the hypothese [𝐻3] for an arbitrary function 𝑥(. ), define the control 

 

𝑢(𝑡) = 𝑊−1[𝑥1 − 𝐸−1𝑈(𝑏, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥) − 𝑔(0, 𝑥0)] − 𝐸−1𝑔(𝑏, 𝑥𝑏) 

 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑥𝑠)𝑑𝑠 

 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑥𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏)𝑑𝑠, ](𝑡) (3.1) 

 For 𝜙 ∈ 𝐶, define 𝜙̂ ∈ 𝐶𝑏 , 𝐶𝑏 = 𝐶([−𝑟, 𝑏], 𝑋) by  

𝜙̂(𝑡) = {
𝜙(𝑡) − 𝑞(𝑥) ,        − 𝑟 ≤ 𝑡 ≤ 0,

𝐸−1𝑈(𝑡, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥)] 0 ≤ 𝑡 ≤ b.
             

 If 𝑥(𝑡) = 𝑦(𝑡) + 𝜙̂(𝑡), 𝑡 ∈ [−𝑟, 𝑏], it is easy to see that 𝑦 satisfied  

     𝑦0 = 0 

𝑦(𝑡) = 𝐸−1𝑔(𝑡, 𝑦𝑡 + 𝜙̂𝑡) − 𝐸−1𝑈(𝑡, 0)𝑔(0, 𝜙̂0) + ∫
𝑡

0

𝐸−1𝑈(𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠)𝑑𝑠 

+ ∫
𝑡

0

𝐸−1𝑈(𝑡, 𝜂)𝐶𝑊−1[𝑥1 − 𝐸−1𝑈(𝑏, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥) − 𝑔(0, 𝜙̂0)] 

    −𝐸−1𝑔(𝑏, 𝑦𝑏 + 𝜙̂𝑏) − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠)𝑑𝑠 (3.2) 
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             − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 +

𝜙̂𝜏)𝑑𝜏)𝑑𝑠, ](𝜂)𝑑𝜂 + ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝑠)𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 +

𝜙̂𝜏)𝑑𝜏)𝑑𝑠,   𝑡 ∈ 𝐼. 
 if and only if 𝑥 satisfies  

𝑥(𝑡) = 𝐸−1𝑈(𝑡, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥)] + 𝐸−1𝑔(𝑡, 𝑥𝑡) − 𝐸−1𝑈(𝑡, 0)𝑔(0, 𝑥0) 

 + ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑥𝑠)𝑑𝑠 

 + ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝜂)𝐶𝑊−1[𝑥1 − 𝐸−1𝑈(𝑏, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥) − 𝑔(0, 𝑥0)] 

 −𝐸−1𝑔(𝑏, 𝑥𝑏) − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑥𝑠)𝑑𝑠 

 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑥𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏)𝑑𝑠, ](𝜂)𝑑𝜂 

 + ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏)𝑑𝑠,    𝑡 ∈ 𝐼. 

 and 𝑥(𝑡) = 𝜙(𝑡) − 𝑞(𝑥),    𝑡 ∈ [−𝑟, 0].  

 Define 𝐶𝑏
0 = {𝑦 ∈ 𝐶𝑏: 𝑦0 = 0} and we now show that when using the control, the operator 

𝐹: 𝐶𝑏
0 → 𝐶𝑏

0, defined by  

 (𝐹𝑦)(𝑡) = 0,            𝑡 ∈ [−𝑟, 0] 

(𝐹𝑦)(𝑡) = 𝐸−1𝑔(𝑡, 𝑦𝑡 + 𝜙̂𝑡) − 𝐸−1𝑈(𝑡, 0)𝑔(0, 𝜙̂0) + ∫
𝑡

0

𝐸−1𝑈(𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠)𝑑𝑠 

 + ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝜂)𝐶𝑊−1[𝑥1 − 𝐸−1𝑈(𝑏, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥) − 𝑔(0, 𝜙̂0)] 

 −𝐸−1𝑔(𝑏, 𝑦𝑏 + 𝜙̂𝑏) − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠)𝑑𝑠 

 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 +

𝜙̂𝜏)𝑑𝜏)𝑑𝑠, ](𝜂)𝑑𝜂 + ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝑠)𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 +

𝜙̂𝜏)𝑑𝜏, ∫
𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏)𝑑𝑠,    𝑡 ∈ 𝐼. 

 has a fixed point. This fixed point point is then a solution of equation (3.2).  

 

Clearly 𝑥(𝑏) = 𝑥1 which means that the control 𝑢 steers the system (2.1) − (2.2) from the intial 

function 𝜙 to 𝑥1 in time 𝑏, provided we can obtain a fixed point of the nonlinear operator 𝐹. 
 

In order to study the controllability problem of (2.1) − (2.2), we introduce a parameter 𝜆 ∈ (0,1) and 

consider the following system  
𝑑

𝑑𝑡
[𝐸𝑥(𝑡) − 𝑔(𝑡, 𝑥(𝑡))] = 𝜆𝐴(𝑡)𝑥(𝑡) + 𝜆𝐵𝑢(𝑡) + (3.3) 

            𝜆𝑓(𝑡, 𝑥(𝑡), ∫
𝑡

0
𝑘(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠, ∫

𝑎

0
ℎ(𝑡, 𝑠, 𝑥(𝑠))𝑑𝑠)      𝑡 ∈ [0, 𝑏], 

    𝑥(𝑡) + 𝑞(𝑥) = 𝜆𝜙(𝑡)      𝑡 ∈ [−𝑟, 0] (3.4) 

  

First we obtain a priori boounds for the mild solution of the equation (3.3) − (3.4). Then from  

𝑥(𝑡) = 𝜆𝐸−1𝑈(𝑡, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥)] + 𝜆𝐸−1𝑔(𝑡, 𝑥𝑡) − 𝜆𝐸−1𝑈(𝑡, 0)𝑔(0, 𝑥0) 

 +𝜆 ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑥𝑠)𝑑𝑠 

 +𝜆 ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝜂)𝐶𝑊−1[𝑥1 − 𝐸−1𝑈(𝑏, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥) − 𝑔(0, 𝑥0)] 

 −𝐸−1𝑔(𝑏, 𝑥𝑏) − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑥𝑠)𝑑𝑠 

 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑥𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏)𝑑𝑠, ](𝜂)𝑑𝜂 

 +𝜆 ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏)𝑑𝑠,    𝑡 ∈ 𝐼. 

 we have  

∥ 𝑥(𝑡) ∥≤∥ 𝐸−1𝑈(𝑡, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥)] ∥ +∥ 𝐸−1𝑔(𝑡, 𝑥𝑡) ∥ +∥ 𝐸−1𝑈(𝑡, 0)𝑔(0, 𝑥0) ∥ 

 + ∫
𝑡

0
∥ 𝐸−1𝑈(𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑥𝑠) ∥ 𝑑𝑠 

 + ∫
𝑡

0
∥ 𝐸−1𝑈(𝑡, 𝜂)𝐶𝑊−1[𝑥1 − 𝐸−1𝑈(𝑏, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥) − 𝑔(0, 𝑥0)] 

 −𝐸−1𝑔(𝑏, 𝑥𝑏) − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑥𝑠)𝑑𝑠 



International Journal of Future Generation Communication and Networking 
Vol. 13, No. 3, (2020), pp. 3422–3433 

3426 
ISSN: 2233-7857 IJFGCN 

Copyright ⓒ2020 SERSC 

 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑥𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏)𝑑𝑠, ](𝜂) ∥ 𝑑𝜂 

 + ∫
𝑡

0
∥ 𝐸−1𝑈(𝑡, 𝑠)𝑓(𝑠, 𝑥𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑥𝜏)𝑑𝜏) ∥ 𝑑𝑠 

      ∥ 𝑥(𝑡) ∥≤∥ 𝐸−1 ∥ 𝑀1[∥ 𝜙(0) ∥ +𝑀𝑞 + 𝑀̂𝑞]+∥ 𝐸−1 ∥ 𝑀𝑔𝐾 + 𝑀1 ∥ 𝐸−1 ∥ ∫
𝑡

0
𝑀𝐴 ∥ 𝑥𝑠 ∥ 𝑑𝑠 + 

                    𝑀1𝑏𝑑2 + 𝑀1 ∥ 𝐸−1 ∥ ∫
𝑡

0
𝑀𝑓(𝑠)Ω3[∥ 𝑥 + ∫

𝑏

0
𝑀𝑘(𝜏)Ω1(∥ 𝑥 ∥) +

                               ∫
𝑎

0
𝑀ℎ(𝜏)Ω2(∥ 𝑥 ∥)𝑑𝜏]𝑑𝑠 

 Let us take the right hand side of the above inequality as 𝜇(𝑡). Then we have 𝑥(0) = 𝜇(0) = 𝑑, and 

∥ 𝑥(𝑡) ∥≤ 𝜇(𝑡), with  

      𝜇′(𝑡) = 𝑀1 ∥ 𝐸−1𝑀𝐴 ∥ 𝑥𝑡 ∥+𝑀1 ∥ 𝐸−1 ∥ 𝑀𝑓(𝑠)Ω3[∥ 𝑥 ∥ + ∫
𝑡

0
𝑀𝑘(𝑠)Ω1(∥ 𝑥 ∥)𝑑𝑠 +

∫
𝑎

0
𝑀ℎ(𝑠)Ω2(∥ 𝑥 ∥)𝑑𝑠]  

                      ≤ 𝑑1𝜇(𝑡) + 𝑀1 ∥ 𝐸−1 ∥ 𝑀𝑓(𝑠)Ω3[𝜇(𝑡) + ∫
𝑏

0
𝑀𝑘(𝑠)Ω1(𝜇(𝑠))𝑑𝑠        

                          + ∫
𝑎

0
𝑀ℎ(𝑠)Ω2(𝜇(𝑠))𝑑𝑠] 

 where 𝑑1 = 𝑀1 ∥ 𝐸−1 ∥ 𝑀𝐴. Since 𝜇 is obviously increasing, let  

 𝑤(𝑡) = 𝜇(𝑡) + ∫
𝑡

0
𝑀𝑘(𝑠)Ω1(𝜇(𝑠))𝑑𝑠 + ∫

𝑎

0
𝑀ℎ(𝑠)Ω2(𝜇(𝑠))𝑑𝑠 

 Then 𝑤(0) = 𝜇(0) = 𝑐 and 𝜇(𝑡) ≤ 𝑤(𝑡)  

𝑤′(𝑡) = 𝜇′(𝑡) + 𝑀𝑘(𝑡)Ω1(𝜇(𝑡)) + 𝑀ℎ(𝑡)Ω2(𝜇(𝑡)) + ∫
𝑡

0

𝜕

𝜕𝑠
𝑀𝑘(𝑠)Ω1(𝜇(𝑠))𝑑𝑠 

 + ∫
𝑎

0

𝜕

𝜕𝑠
𝑀ℎ(𝑠)Ω2(𝜇(𝑠))𝑑𝑠 

 ≤ 𝑤(𝑡) + 𝑀1 ∥ 𝐸−1 ∥ 𝑀𝑓(𝑡)Ω3(𝑤(𝑡)) + ∫
𝑡

0

𝜕

𝜕𝑠
𝑀𝑘(𝑠)Ω1(𝜇(𝑠))𝑑𝑠 

 + ∫
𝑎

0

𝜕

𝜕𝑠
𝑀ℎ(𝑠)Ω2(𝜇(𝑠))𝑑𝑠 

 ≤ 𝑚̂{𝑤(𝑡) + Ω3(𝑤(𝑡)) + 2Ω1(𝑤(𝑡)) + 2Ω2(𝑤(𝑡))} 

 This implies  

∫
𝑤(𝑡)

𝑤(0)

𝑑𝑠

𝑠 + Ω3(𝑠) + 2Ω1(𝑠) + 2Ω2(𝑠)
≤ ∫

𝑏

0

𝑚̂(𝑠)𝑑𝑠 ≤ ∫
∞

𝑑

𝑑𝑠

𝑠 + Ω3(𝑠) + 2Ω1(𝑠) + 2Ω2(𝑠)
. 

  

This inequality that there is a priori bound 𝐾 > 0 such that 𝑤(𝑡) ≤ 𝐾  and hence 𝜇(𝑡) ≤ 𝐾, 𝑡 ∈
[0, 𝑏]. Since ∥ 𝑥(𝑡) ∥≤ 𝐾, 𝑡 ∈ 𝐼, we have  

 ∥ 𝑥 ∥1= 𝑠𝑢𝑝{∥ 𝑥(𝑡) ∥: −𝑟 ≤ 𝑡 ≤ 𝑏 ∥< 𝐾 

where 𝐾 depending only on 𝑏 and the functions 𝑀𝑓(. ), 𝑀𝑘(. ), 𝑀ℎ(. ), Ω1(. ), Ω2(. ), Ω3(. )  

 

Next we must prove that the operator 𝐹 is a completely continuous operator. Let 𝐵𝑘 = {𝑦 ∈ 𝐶𝑏
0: ∥

𝑦 ∥1≤ 𝐾} for some 𝐾 ≥ 1. 
 

We first show that the set {𝐹𝑦: 𝑦 ∈ 𝐵𝑘} is equicontinuous. Let 𝑦 ∈ 𝐵𝑘 and 𝑡1, 𝑡2 ∈ [0, 𝑏]. Then if 0 <
𝑡1 < 𝑡2 ≤ 𝑏, 
 

∥ (𝐹𝑦)(𝑡1) − (𝐹𝑦)(𝑡2) ∥  

≤∥ 𝐸−1 ∥∥ 𝑔(𝑡1, 𝑦𝑡1
+ 𝜙̂𝑡1

) − 𝑔(𝑡2, 𝑦𝑡2
+ 𝜙̂𝑡2

) ∥ +∥ 𝐸−1 ∥∥ 𝑈(𝑡1, 0) − 𝑈(𝑡2, 0) ∥∥ 𝑔(0, 𝜙̂0) ∥ 

 +∥ ∫
𝑡1

0
𝐸−1[𝑈(𝑡1, 𝑠) − 𝑈(𝑡2, 𝑠)]𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠)𝑑𝑠 ∥ +∥ ∫

𝑡2

𝑡1
𝐸−1𝑈(𝑡2, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 +

𝜙̂𝑠)𝑑𝑠 ∥ 

 +∥ ∫
𝑡1

0
𝐸−1[𝑈(𝑡1, 𝜂) − 𝑈(𝑡2, 𝜂)]𝐶𝑊−1[𝑥1 − 𝐸−1𝑈(𝑏, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥) − 𝑔(0, 𝜙̂0)] 

 −𝐸−1𝑔(𝑏, 𝑦𝑏 + 𝜙̂𝑏) − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠)𝑑𝑠 

 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏)𝑑𝑠, ](𝜂)𝑑𝜂 ∥ 

 +∥ ∫
𝑡2

𝑡1
𝐸−1𝑈(𝑡2, 𝜂)𝐶𝑊−1[𝑥1 − 𝐸−1𝑈(𝑏, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥) − 𝑔(0, 𝜙̂0)] 

 −𝐸−1𝑔(𝑏, 𝑦𝑏 + 𝜙̂𝑏) − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠)𝑑𝑠 
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 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏)𝑑𝑠, ](𝜂)𝑑𝜂 ∥ 

 +∥ ∫
𝑡1

0
𝐸−1[𝑈(𝑡1, 𝑠) − 𝑈(𝑡2, 𝑠)]𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 +

𝜙̂𝜏)𝑑𝜏)𝑑𝑠 ∥ 

 +∥ ∫
𝑡2

𝑡1
𝐸−1𝑈(𝑡2, 𝑠)𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏)𝑑𝑠 ∥ 

≤∥ 𝐸−1 ∥∥ 𝑔(𝑡1, 𝑦𝑡1
+ 𝜙̂𝑡1

) − 𝑔(𝑡2, 𝑦𝑡2
+ 𝜙̂𝑡2

) ∥ +∥ 𝐸−1 ∥∥ 𝑈(𝑡1, 0) − 𝑈(𝑡2, 0) ∥∥ 𝑔(0, 𝜙̂0) ∥ 

 + ∫
𝑡1

0
∥ 𝐸−1 ∥∥ [𝑈(𝑡1, 𝜖) − 𝑈(𝑡2, 𝜖)]𝑈(𝜖, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠) ∥ 𝑑𝑠 + (𝑡2 − 𝑡1)𝑀1 ∥

𝐸−1 ∥ 𝑀𝐴𝐾′ 

 + ∫
𝑡1

0
∥ 𝐸−1 ∥∥ [𝑈(𝑡1, 𝜖) − 𝑈(𝑡2, 𝜖)]𝑈(𝜖, 𝜂)𝐶𝑊−1[𝑥1 − 𝐸−1𝑈(𝑏, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥) −

𝑔(0, 𝜙̂0)] 

 −𝐸−1𝑔(𝑏, 𝑦𝑏 + 𝜙̂𝑏) − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠)𝑑𝑠 

 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏)𝑑𝑠, ](𝜂) ∥ 𝑑𝜂 

 +(𝑡2 − 𝑡1) ∥ 𝐸−1 ∥ 𝑀1𝑀2[𝑥1+∥ 𝐸−1 ∥ 𝑀1𝑀̂𝑔+∥ 𝐸−1 ∥ 𝑀𝑔𝐾′ + 𝑀1𝑏 ∥ 𝐸−1 ∥ 𝑀𝐴𝐾′ 

 +𝑀1𝑏 ∥ 𝐸−1 ∥ 𝑀𝑓(𝑡)(𝐾′ + 𝑏𝑀𝑘𝐾′ + 𝑏𝑀ℎ𝐾′), ] 

 +∥ ∫
𝑡1

0
𝐸−1[𝑈(𝑡1, 𝑠) − 𝑈(𝑡2, 𝑠)]𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 +

𝜙̂𝜏)𝑑𝜏)𝑑𝑠 ∥ 

 +(𝑡2 − 𝑡1) ∥ 𝐸−1 ∥ 𝑀1𝑀𝑓(𝑡)(𝐾′ + 𝑏𝑀𝑘𝐾′ + 𝑏𝑀ℎ𝐾′) 

where 𝐾′ = 𝐾+∥ 𝜙̂ ∥. The right hand side is independent of 𝑦 ∈ 𝐵𝐾 and tends to zero as 𝑡2 − 𝑡1 → 0, 
since by the assumption (𝐻2) implies the continuity in the uniform operator topology.  

  

Thus the set {𝐹𝑦; 𝑦 ∈ 𝐵𝐾} is equicontinuous. 

 

Notice that we considered here only the case 0 < 𝑡1 < 𝑡2, since the other cases 𝑡1 < 𝑡2 < 0 or 𝑡1 <
0 < 𝑡2 are very simple.  

It is easy to see that the family 𝐹𝐵𝐾 is uniformly bounded. Next we show that 𝐹𝐵𝐾 is compact. Since 

we have shown that 𝐹𝐵𝐾 is an equicontinuous collection, it suffices, by the Arzela-Ascoli theorem, to 

show that 𝐹 maps 𝐵𝐾 into a precompact set in X.  

Let 0 < 𝑡 ≤ 𝑏 be fixed and 𝜖 a real number satisfying 0 < 𝜖 < 𝑡. For 𝑦 ∈ 𝐵𝐾 , we define  

(𝐹𝜖𝑦)(𝑡) = 𝐸−1𝑔(𝑡, 𝑦𝑡 + 𝜙̂𝑡) − 𝐸−1𝑈(𝑡, 0)𝑔(0, 𝜙̂0) + ∫
𝑡𝜖

0

𝐸−1𝑈(𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠)𝑑𝑠 

 + ∫
𝑡𝜖

0
𝐸−1𝑈(𝑡, 𝜂)𝐶𝑊−1[𝑥1 − 𝐸−1𝑈(𝑏, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥) − 𝑔(0, 𝜙̂0)] 

 −𝐸−1𝑔(𝑏, 𝑦𝑏 + 𝜙̂𝑏) − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠)𝑑𝑠 

 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 +

 𝜙̂𝜏)𝑑𝜏)𝑑𝑠, ](𝜂)𝑑𝜂 + ∫
𝑡𝜖

0
𝐸−1𝑈(𝑡, 𝑠)𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏,         

∫
𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏)𝑑𝑠, 

 

Now, by the assumption (𝐻2), the set 𝑌𝜖(𝑡) = {(𝐹𝜖𝑦)(𝑡): 𝑦 ∈ 𝐵𝐾} is precom   pact in 𝑋 for every 𝜖,
0 < 𝜖 < 𝑡. Moreover for every 𝑦 ∈ 𝐵𝐾 we have  

∥ (𝐹𝑦)(𝑡) − (𝐹𝜖𝑦)(𝑡) ∥  

 ≤ ∫
𝑡

𝑡−𝜖
∥ 𝐸−1𝑈(𝑡, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠) ∥ 𝑑𝑠 

 + ∫
𝑡

𝑡−𝜖
∥ 𝐸−1𝑈(𝑡, 𝜂)𝐶𝑊−1[𝑥1 − 𝐸−1𝑈(𝑏, 0)[𝐸𝜙(0) − 𝐸𝑞(𝑥) − 𝑔(0, 𝜙̂0)] 

 −𝐸−1𝑔(𝑏, 𝑦𝑏 + 𝜙̂𝑏) − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝐴(𝑠)𝑔(𝑠, 𝑦𝑠 + 𝜙̂𝑠)𝑑𝑠 

 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝜏 +

𝜙̂𝜏)𝑑𝜏)𝑑𝑠, ](𝜂) ∥ 𝑑𝜂 + ∫
𝑡

𝑡−𝜖
∥ 𝐸−1𝑈(𝑡, 𝑠)𝑓(𝑠, 𝑦𝑠 + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏, 

∫
𝑎

0

ℎ(𝑠, 𝜏, 𝑦𝜏 + 𝜙̂𝜏)𝑑𝜏) ∥ 𝑑𝑠 
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 Therefore,  

 ∥ (𝐹𝑦)(𝑡) − (𝐹𝜖𝑦)(𝑡) ∥→ 0 

as 𝜖 → 0, and there are precompact sets arbitrarily colse to the set {(𝐹𝑦)(𝑡): 𝑦 ∈ 𝐵𝐾}. Hence the set 

{(𝐹𝑦)(𝑡): 𝑦 ∈ 𝐵𝐾} is precompact in 𝑋.  

 It remains to be shown that 𝐹: 𝐶𝑏
0 → 𝐶𝑏

0 is continuous. Let {𝑦𝑛 ∥0
∞⊂ 𝐶𝑏

0 with 𝑦𝑛 → 𝑦 in 𝐶𝑏
0. 

Then there is an integer 𝐾 such that ∥ 𝑦𝑛(𝑡) ∥≤ 𝐾 for all 𝑛 and 𝑡 ∈ 𝐼, so 𝑦𝑛 ∈ 𝐵𝐾 and 𝑦 ∈ 𝐵𝐾 . By 

(𝐻4), (𝐻7), 𝑔(𝑡, 𝑦𝑛(𝑡) + 𝜙̂𝑡) → 𝑔(𝑡, 𝑦(𝑡) + 𝜙̂𝑡)  for each 𝑡 ∈ 𝐼  and since ∥ 𝑔(𝑡, 𝑦𝑛(𝑡) + 𝜙̂𝑡) −

𝑔(𝑡, 𝑦𝑛(𝑡) + 𝜙̂𝑡) ∥≤ 2𝑀𝑔𝐾′, 𝐴(𝑡)𝑔(𝑡, 𝑦(𝑡) + 𝜙̂𝑡) → 𝐴(𝑡)𝑔(𝑡, 𝑦(𝑡) + 𝜙̂𝑡) for each 𝑡 ∈ 𝐼 and since ∥

𝐴(𝑡)𝑔(𝑡, 𝑦𝑛(𝑡) + 𝜙̂𝑡) − 𝐴(𝑡)𝑔(𝑡, 𝑦(𝑡) + 𝜙̂𝑡) ∥≤ 2𝑀𝐴𝐾′,  and 𝑓(𝑡, 𝑦𝑛(𝑡) + 𝜙̂𝑡 , ∫
𝑡

0
𝑘(𝑡, 𝑠, 𝑦𝑛(𝑠) +

𝜙̂𝑠)𝑑𝑠, ∫
𝑎

0
ℎ(𝑡, 𝑠, 𝑦𝑛(𝑠) + 𝜙̂𝑠)𝑑𝑠) → 𝑓(𝑡, 𝑦(𝑡) + 𝜙̂𝑡, ∫

𝑡

0
𝑘(𝑡, 𝑠, 𝑦(𝑠) + 𝜙̂𝑠)𝑑𝑠, ∫

𝑎

0
ℎ(𝑡, 𝑠, 𝑦(𝑠) + 𝜙̂𝑠)𝑑𝑠)  

for each 𝑡 ∈ 𝐼  and since ∥ 𝑓(𝑡, 𝑦𝑛(𝑡) + 𝜙̂𝑡 , ∫
𝑡

0
𝑘(𝑡, 𝑠, 𝑦𝑛(𝑠) + 𝜙̂𝑠)𝑑𝑠, ∫

𝑎

0
ℎ(𝑡, 𝑠, 𝑦𝑛(𝑠) + 𝜙̂𝑠)𝑑𝑠) −

𝑓(𝑡, 𝑦(𝑡) + 𝜙̂𝑡 , ∫
𝑡

0
𝑘(𝑡, 𝑠, 𝑦(𝑠) + 𝜙̂𝑠)𝑑𝑠, ∫

𝑎

0
ℎ(𝑡, 𝑠, 𝑦(𝑠) + 𝜙̂𝑠)𝑑𝑠) ∥≤ 2𝜇𝐾′(𝑡), 𝐾′ = 𝐾+∥ 𝜙̂ ∥,  we 

have, by dominated convergence theorem, 

∥ (𝐹𝑦𝑛)(𝑡) − (𝐹𝑦)(𝑡) ∥  

 = 𝑠𝑢𝑝𝑡∈𝐼 ∥ 𝐸−1[𝑔(𝑡, 𝑦𝑛(𝑡) + 𝜙̂𝑡) − 𝑔(𝑡, 𝑦(𝑡) + 𝜙̂𝑡)] 

 + ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝑠)[𝐴(𝑠)𝑔(𝑠, 𝑦𝑛(𝑠) + 𝜙̂𝑠) − 𝐴(𝑠)𝑔(𝑠, 𝑦(𝑠) + 𝜙̂𝑠)]𝑑𝑠 

 + ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝜂)𝐶𝑊−1[−𝐸−1[𝑔(𝑏, 𝑦𝑛(𝑏) + 𝜙̂𝑏) − 𝑔(𝑏, 𝑦(𝑏) + 𝜙̂𝑏)] 

 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)[𝐴(𝑠)𝑔(𝑠, 𝑦𝑛(𝑠) + 𝜙̂𝑠) − 𝐴(𝑠)𝑔(𝑠, 𝑦(𝑠) + 𝜙̂𝑠)]𝑑𝑠 

 − ∫
𝑏

0
𝐸−1𝑈(𝑏, 𝑠)[𝑓(𝑠, 𝑦𝑛(𝑠) + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝑛(𝜏) + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝑛(𝜏) + 𝜙̂𝜏)𝑑𝜏) 

 −𝑓(𝑠, 𝑦(𝑠) + 𝜙̂𝑠, ∫
𝑠

0
𝑘(𝑠, 𝜏, 𝑦(𝜏) + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦(𝜏) + 𝜙̂𝜏)𝑑𝜏)]𝑑𝑠, ](𝜂)𝑑𝜂 

 + ∫
𝑡

0
𝐸−1𝑈(𝑡, 𝑠)[𝑓(𝑠, 𝑦𝑛(𝑠) + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝑛(𝜏) + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝑛(𝜏) + 𝜙̂𝜏)𝑑𝜏) 

 −𝑓(𝑠, 𝑦(𝑠) + 𝜙̂𝑠, ∫
𝑠

0
𝑘(𝑠, 𝜏, 𝑦(𝜏) + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦(𝜏) + 𝜙̂𝜏)𝑑𝜏)]𝑑𝑠 ∥ 

 ≤∥ 𝐸−1 ∥∥ [𝑔(𝑡, 𝑦𝑛(𝑡) + 𝜙̂𝑡) − 𝑔(𝑡, 𝑦(𝑡) + 𝜙̂𝑡)] ∥ 

 +𝑀1 ∫
𝑡

0
∥ 𝐸−1 ∥ [𝐴(𝑠)𝑔(𝑠, 𝑦𝑛(𝑠) + 𝜙̂𝑠) − 𝐴(𝑠)𝑔(𝑠, 𝑦(𝑠) + 𝜙̂𝑠)]𝑑𝑠 

 +𝑀1𝑀2 ∫
𝑡

0
∥ 𝐸−1 ∥ [∥ 𝐸−1 ∥∥ [𝑔(𝑏, 𝑦𝑛(𝑏) + 𝜙̂𝑏) − 𝑔(𝑏, 𝑦(𝑏) + 𝜙̂𝑏)] ∥ 

 +𝑀1 ∫
𝑏

0
∥ 𝐸−1 ∥∥ [𝐴(𝑠)𝑔(𝑠, 𝑦𝑛(𝑠) + 𝜙̂𝑠) − 𝐴(𝑠)𝑔(𝑠, 𝑦(𝑠) + 𝜙̂𝑠)] ∥ 𝑑𝑠 

 +𝑀1 ∫
𝑏

0
∥ 𝐸−1 ∥∥ [𝑓(𝑠, 𝑦𝑛(𝑠) + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝑛(𝜏) + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝑛(𝜏) + 𝜙̂𝜏)𝑑𝜏) 

 −𝑓(𝑠, 𝑦(𝑠) + 𝜙̂𝑠, ∫
𝑠

0
𝑘(𝑠, 𝜏, 𝑦(𝜏) + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦(𝜏) + 𝜙̂𝜏)𝑑𝜏)] ∥ 𝑑𝑠](𝜂)𝑑𝜂 

 +𝑀1 ∫
𝑡

0
∥ 𝐸−1 ∥∥ [𝑓(𝑠, 𝑦𝑛(𝑠) + 𝜙̂𝑠, ∫

𝑠

0
𝑘(𝑠, 𝜏, 𝑦𝑛(𝜏) + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦𝑛(𝜏) + 𝜙̂𝜏)𝑑𝜏) 

 −𝑓(𝑠, 𝑦(𝑠) + 𝜙̂𝑠, ∫
𝑠

0
𝑘(𝑠, 𝜏, 𝑦(𝜏) + 𝜙̂𝜏)𝑑𝜏, ∫

𝑎

0
ℎ(𝑠, 𝜏, 𝑦(𝜏) + 𝜙̂𝜏)𝑑𝜏)] ∥ 𝑑𝑠 

 → 0       𝑎𝑠     𝑛 → ∞ 

 Thus 𝐹 is continuous. This completes the proof that 𝐹 is completely continuous.  

 Finally the set 𝜁(𝐹) = {𝑦 ∈ 𝐶𝑏
0: 𝑦 = 𝜆𝐹𝑦, 𝜆 ∈ (0,1)} is bounded, since for every solution 𝑦 

in 𝜁(𝐹), the function 𝑥 = 𝑦 + 𝜙̂ is a mild solution of (3.3) − (3.4) for which we have proved that ∥
𝑥 ∥1≤ 𝐾 and hence  

 ∥ 𝑦 ∥1≤ 𝐾+∥ 𝜙̂ ∥. 
Consequently, by Schaefer’s theorem, the operator 𝐹 has a fixed point in 𝐶0

𝑏 . This means that any 

fixed point of 𝐹 is a mild solution of (2.1) − (2.2) on 𝐼 satisfying (𝐹𝑥)(𝑡) = 𝑥(𝑡). Thus the system 

(2.1) − (2.2) is controllable on 𝐼. 
Consider the Banach space 𝒵 = 𝒞(𝐽, 𝑋) with norm  

 ∥ 𝑥 ∥= sup{|𝑥(𝑡)|: 𝑡 ∈ 𝐽}. 
 We shall show that when using the control 𝑢(𝑡), the operator Ψ: 𝒵 → 𝒵 defined by  

 (Ψ𝑥)(𝑡) = 𝑈(𝑡, 0)𝑔(𝑥) + ∫
𝑡

0
𝑈(𝑡, 𝑠)𝑓(𝑠, 𝑥(𝑠))𝑑𝑠 

 + ∫
𝑡

0
𝑈(𝑡, 𝑠)𝐵𝑊−1[𝑥1 − 𝑈(𝑏, 0)𝑔(𝑥) − ∫

𝑏

0
𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑥(𝜏))𝑑𝜏](𝑠)𝑑𝑠 

 has a fixed point 𝑥(⋅). This fixed point is a mild solution of the system (2.1) − (2.2) and this implies 
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that the system is controllable on 𝐽. 

 Next consider the operators 𝑣1, 𝑣2, 𝑣3: 𝒞(𝐽, 𝑋) → 𝒞(𝐽, 𝑋) defined by  

 (𝑣1𝑥)(𝑡) = 𝑈(𝑡, 0)𝑔(𝑥), 

        (𝑣2𝑥)(𝑡) = ∫
𝑡

0
𝑈(𝑡, 𝑠)𝑓(𝑠, 𝑥(𝑠))𝑑𝑠, 

 (𝑣3𝑥)(𝑡) = ∫
𝑡

0
𝑈(𝑡, 𝑠)𝐵𝑊−1[𝑥1 − 𝑈(𝑏, 0)𝑔(𝑥) − ∫

𝑏

0
𝑈(𝑏, 𝜏)𝑓(𝜏, 𝑥(𝜏))𝑑𝜏](𝑠)𝑑𝑠. 

 

Lemma 3.1 Assume that (𝐻1) and (𝐻3) are satisfied and a set 𝑌 ⊂ 𝒞(𝐽, 𝑋) is bounded. Then  

 𝜔0
𝑡 (𝑣2𝑌) ≤ 2𝑏𝑁1𝛽(𝑓([0, 𝑏] × 𝑌)),     𝑓𝑜𝑟   𝑡 ∈ 𝐽. 

 Proof: Fix 𝑡 ∈ 𝐽 and denote  

 𝑄 = 𝑓([0, 𝑡] × 𝑌), 
 

 𝑞𝑡(𝜖) = sup{∥ (𝑈(𝑡2, 𝑠) − 𝑈(𝑡1, 𝑠))𝑞 ∥: 0 ≤ 𝑠 ≤ 𝑡1 ≤ 𝑡2 ≤ 𝑡, 𝑡2 − 𝑡1 ≤ 𝜖, 𝑞 ∈ 𝑄}. 
At the beginning, we show that  

 lim
𝜖→0+

𝑞𝑡(𝜖) ≤ 2𝑁1𝛽(𝑄). (3.5) 

 Suppose contrary. Then there exists a number 𝑑 such that  

 lim
𝜖→0+

𝑞𝑡(𝜖) > 𝑑 > 2𝑁1𝛽(𝑄). (3.6) 

 Fix 𝛿 > 0 such that  

 lim
𝜖→0+

𝑞𝑡(𝜖) > 𝑑 + 𝛿 > 𝑑 > 2𝑁1(𝛽(𝑄) + 𝛿). (3.7) 

 Condition (3.8) yields that there exist sequences {𝑡2,𝑛}, {𝑡1,𝑛}, {𝑠𝑛} ⊂ 𝐽  and {𝑞𝑛} ⊂ 𝑄  such that 

𝑡2,𝑛 → 𝑡′, 𝑡1,𝑛 → 𝑡′, 𝑠𝑛 → 𝑠 and  

 ∥ (𝑈(𝑡2,𝑛, 𝑠𝑛) − 𝑈(𝑡1,𝑛, 𝑠𝑛))𝑞𝑛 ∥> 𝑑. (3.8) 

 Let the points 𝑧1, 𝑧2, . . . , 𝑧𝑘 ∈ 𝑋 be such that 𝑄 ⊂ ⋃𝑘
𝑖=1 𝐵(𝑧𝑖 , 𝛽(𝑄) + 𝛿). Then there exists a point 𝑧𝑖 

and a subsequence {𝑞𝑛} such that {𝑞𝑛} ∈ 𝐵(𝑧𝑖 , 𝛽(𝑄) + 𝛿) that is,  

 ∥ 𝑧𝑗 − 𝑞𝑛 ∥≤ 𝛽(𝑄) + 𝛿,   𝑓𝑜𝑟   𝑛 = 1,2, . .. 

Further we obtain  

∥ 𝑈(𝑡2,𝑛, 𝑠𝑛)𝑞𝑛 − 𝑈(𝑡1,𝑛, 𝑠𝑛)𝑞𝑛 ∥ 

 ≤∥ 𝑈(𝑡2,𝑛, 𝑠𝑛)𝑞𝑛 − 𝑈(𝑡1,𝑛, 𝑠𝑛)𝑧𝑗 ∥ +∥ 𝑈(𝑡2,𝑛, 𝑠𝑛)𝑧𝑗 − 𝑈(𝑡1,𝑛, 𝑠𝑛)𝑧𝑗 ∥ 

 ≤ 𝑁1 ∥ 𝑞𝑛 − 𝑧𝑗 ∥ +𝑁1 ∥ 𝑧𝑗 − 𝑞𝑛 ∥ +∥ 𝑈(𝑡2,𝑛, 𝑠𝑛)𝑧𝑗 − 𝑈(𝑡1,𝑛, 𝑠𝑛)𝑧𝑗 ∥ 

 ≤ 2𝑁1(𝛽(𝑄) + 𝛿)+∥ 𝑈(𝑡2,𝑛, 𝑠𝑛)𝑧𝑗 − 𝑈(𝑡1,𝑛, 𝑠𝑛)𝑧𝑗 ∥. 

 Letting 𝑛 → ∞ and using the properties of the evolution system {𝑈(𝑡, 𝑠)} we get  

 limsup𝑛→∞ ∥ 𝑈(𝑡2,𝑛, 𝑠𝑛)𝑞𝑛 − 𝑈(𝑡1,𝑛, 𝑠𝑛)𝑞𝑛 ∥≤ 2𝑁1(𝛽(𝑄) + 𝛿). 
This contradicts (3.7) and (3.8). 
Now fix 𝜖 > 0 and 𝑡1, 𝑡2 ∈ [0, 𝑡] such that 0 ≤ 𝑡2 − 𝑡1 ≤ 𝜖. Applying (𝐻3), we get  

∥ (𝑣2𝑥)(𝑡2) − (𝑣2𝑥)𝑡1 ∥  

≤ ∫
𝑡1

0

∥ (𝑈(𝑡2, 𝑠) − 𝑈(𝑡1, 𝑠))𝑓(𝑠, 𝑥(𝑠)) ∥ 𝑑𝑠 + ∫
𝑡2

𝑡1

∥ 𝑈(𝑡2, 𝑠)𝑓(𝑠, 𝑥(𝑠)) ∥ 𝑑𝑠 

 + ∫
𝑡

0
∥ (𝑈(𝑡2, 𝑠) − 𝑈(𝑡1, 𝑠))𝑓(𝑠, 𝑥(𝑠)) ∥ 𝑑𝑠 + 𝜖𝑁1sup{∥ 𝑓(𝑠, 𝑥(𝑠)) ∥: 𝑥 ∈ 𝑌}. 

 Hence we derive the following inequality  

      𝜔𝑡(𝑣1𝑌, 𝜖) ≤ sup{ ∫
𝑡

0
∥ (𝑈(𝑡2, 𝑠) − 𝑈(𝑡1, 𝑠))𝑓(𝑠, 𝑥(𝑠)) ∥ 𝑑𝑠: 𝑡1, 𝑡2 ∈ [0, 𝑡], 0 ≤ 𝑡2 − 𝑡1 ≤ 𝜖,

𝑥 ∈ 𝑌} + 𝜖𝑁1sup{∥ 𝑓(𝑠, 𝑥(𝑠)) ∥: 𝑥 ∈ 𝑌}. 
 Letting 𝜖 → 0 +, we get the result.  

  

Lemma 3.2 Assume that the assumptions (𝐻1), (𝐻4) are satisfied and a set 𝑌 ⊂ 𝒞(𝐽, 𝑋) is bounded. 

Then  

 𝜔0
𝑡 (𝑣1𝑌) ≤ 2𝑁0(𝑡)𝛽(𝑔(𝑌)),     𝑓𝑜𝑟   𝑡 ∈ 𝐽. 

The simple proof is omitted. 

  

Lemma 3.3 Assume that the assumptions (𝐻1) − (𝐻4)  are satisfied and a set 𝑌 ⊂ 𝒞(𝐽, 𝑋)  is 

bounded. Then  

 𝜔0
𝑡 (𝑣3𝑌) ≤ 2𝑏𝑁1𝐾1(∥ 𝑥1 ∥ +𝑁0𝛽(𝑔(𝑌)) + 𝑏𝑁1𝛽(𝑓(𝑄))),     𝑓𝑜𝑟   𝑡 ∈ 𝐽. 
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 Proof: As in the Lemmas 3.1 and 3.2, also fix 𝜖 > 0 and 𝑡1, 𝑡2 ∈ [0, 𝑡], 0 ≤ 𝑡2 − 𝑡1 ≤ 𝜖. Applying 

(𝐻3) and (𝐻4), we get  

∥ (𝑣3𝑥)(𝑡2) − (𝑣3𝑥)(𝑡1) ∥ 

 ≤ ∫
𝑡1

0
∥ (𝑈(𝑡2, 𝑠) − 𝑈(𝑡1, 𝑠))𝐵𝑊−1[𝑥1 − 𝑈(𝑏, 0)𝑔(𝑥) − ∫

𝑏

0
𝑈(𝑏, 𝜏)𝑓(𝜏, 𝑥(𝜏))𝑑𝜏] ∥ 𝑑𝑠 

 + ∫
𝑡2

𝑡1
∥ 𝑈(𝑡2, 𝑠))𝐵𝑊−1[𝑥1 − 𝑈(𝑏, 0)𝑔(𝑥) − ∫

𝑏

0
𝑈(𝑏, 𝜏)𝑓(𝜏, 𝑥(𝜏))𝑑𝜏] ∥ 𝑑𝑠 

 ≤ 𝐾1 ∫
𝑡1

0
∥ 𝑈(𝑡2, 𝑠) − 𝑈(𝑡1, 𝑠) ∥ [∥ 𝑥1 ∥ + ∥ 𝑈(𝑏, 0)𝑔(𝑥) ∥ + ∫

𝑏

0
∥

𝑈(𝑏, 𝜏)𝑓(𝜏, 𝑥(𝜏))𝑑𝜏 ∥] 𝑑𝑠 + 𝜖𝐾1𝑁1[∥ 𝑥1 ∥ +𝑁0sup{∥ 𝑔(𝑥) ∥: 𝑥 ∈ 𝑌} + 𝑁1sup{∥

𝑓(𝑠, 𝑥(𝑠)) ∥: 𝑥 ∈ 𝑌}]. 
 Hence we derive the following inequality  

𝜔0
𝑡 (𝑣3𝑌) ≤ sup{𝐾1 ∫

𝑡1

0

∥ 𝑈(𝑡2, 𝑠) − 𝑈(𝑡1, 𝑠) ∥ [∥ 𝑥1 ∥ + ∥ 𝑈(𝑏, 0)𝑔(𝑥) ∥ 

 + ∫
𝑏

0
∥ 𝑈(𝑏, 𝜏)𝑓(𝜏, 𝑥(𝜏))𝑑𝜏 ∥]𝑑𝑠: 𝑡1, 𝑡2 ∈ [0, 𝑏], 0 ≤ 𝑡2 − 𝑡1 ≤ 𝜖, 𝑥 ∈ 𝑌} 

 + 𝜖𝐾1𝑁1[∥ 𝑥1 ∥ +𝑁0sup{∥ 𝑔(𝑥) ∥: 𝑥 ∈ 𝑌} + 𝑁1sup{∥ 𝑓(𝑠, 𝑥(𝑠)) ∥: 𝑥 ∈ 𝑌}]. 
 Letting 𝜖 → 0 +, we get  

 𝜔0
𝑡 (𝑣3𝑌) ≤ 2𝑏𝑁1𝐾1(∥ 𝑥1 ∥ +𝑁0𝛽(𝑔(𝑌)) + 𝑏𝑁1𝛽(𝑓(𝑄))). 

Hence the proof.  

  

Then we calculate our main result as follows: 

   

Theorem 3.1 If the Banach space 𝑋 is separable under the assumptions (𝐻1) − (𝐻4), then system 

(2.1) − (2.2) is controllable on 𝐽 

Proof. Consider the operator 𝒫 defined by  

(𝒫𝑥)(𝑡) = 𝑈(𝑡, 0)𝑔(𝑥) + ∫
𝑡

0

𝑈(𝑡, 𝑠)𝑓(𝑠, 𝑥(𝑠))𝑑𝑠 

 + ∫
𝑡

0
𝑈(𝑡, 𝑠)𝐵𝑊−1[𝑥1 − 𝑈(𝑏, 0)𝑔(𝑥) − ∫

𝑏

0
𝑈(𝑏, 𝑠)𝑓(𝑠, 𝑥(𝜏))𝑑𝜏](𝑠)𝑑𝑠. 

 For an arbitrary 𝑥 ∈ 𝒞(𝐽, 𝑋) and 𝑡 ∈ 𝐽, we get  

∥ (𝒫𝑥)(𝑡) ∥≤ 𝑁0 ∥ 𝑔(𝑥) ∥ +𝑁1 ∫
𝑡

0

∥ 𝑓(𝑠, 𝑥(𝑠)) ∥ 𝑑𝑠 

 +𝑁1𝐾1 ∫
𝑡

0
[∥ 𝑥1 ∥ +𝑁0 ∥ 𝑔(𝑥) ∥ +𝑁1 ∫

𝑏

0
∥ 𝑓(𝜏, 𝑥(𝜏)) ∥ 𝑑𝜏]𝑑𝑠 

 ≤ (1 + 𝑏𝑁1𝐾1)[𝑁0 ∥ 𝑔(𝑥) ∥ +𝑁1 ∫
𝑏

0
∥ 𝑓(𝜏, 𝑥(𝜏)) ∥ 𝑑𝜏] + 𝑏𝑁1𝐾1 ∥ 𝑥1 ∥. 

From the above estimate and assumption (𝐻5) we infer that there exists a constant 𝑟 > 0 such that the 

operator 𝒫 transforms closed ball 𝔹 into itself. 

 

Now we prove that the operator 𝒫 is continuous on 𝔹(𝜃, 𝑟).  

 

Let us fix 𝑥 ∈ 𝔹(𝜃, 𝑟) and take an arbitrary sequence {𝑥𝑛} ∈ 𝔹(𝜃, 𝑟) such that 𝑥𝑛 → 𝑥 in 𝒞(𝐽, 𝑋). 
Next we have  

∥ 𝒫𝑥𝑛 − 𝒫𝑥 ∥≤ 𝑁0 ∥ 𝑔(𝑥𝑛) − 𝑔(𝑥) ∥ +𝑁1 ∫
𝑡

0

∥ 𝑓(𝑠, 𝑥𝑛(𝑠)) − 𝑓(𝑠, 𝑥(𝑠)) ∥ 𝑑𝑠 

 + 𝐾1 ∫
𝑡

0
∥ 𝑈(𝑡, 𝑠) ∥ [𝑁0 ∥ 𝑔(𝑥𝑛) − 𝑔(𝑥) ∥  

                 +𝑁1 ∫
𝑏

0
∥ 𝑓(𝜏, 𝑥𝑛(𝜏)) − 𝑓(𝜏, 𝑥(𝜏)) ∥ 𝑑𝜏]𝑑𝑠 

 ≤ (1 + 𝑏𝑁1𝐾1)[𝑁0 ∥ 𝑔(𝑥𝑛) − 𝑔(𝑥) ∥ + 𝑁1 ∫
𝑏

0
∥ 𝑓(𝜏, 𝑥𝑛(𝜏)) − 𝑓(𝜏, 𝑥(𝜏)) ∥ 𝑑𝜏]. 

 Applying Lebesgue dominated convergence theorem, we derive that 𝒫 is continuous on 𝔹(𝜃, 𝑟).  

 

Now we consider the sequence of sets {Ω𝑛} defined by induction as follows:  

 Ω0 = 𝔹(𝜃, 𝑟), Ω𝑛+1 = 𝐶𝑜𝑛𝑣(𝒫Ω𝑛),   𝑓𝑜𝑟   𝑛 = 1,2, . . .. 
This sequence is decreasing, that is, Ω𝑛 ⊃ Ω𝑛+1,   𝑓𝑜𝑟   𝑛 = 1,2, . . ..  

 Further let us put  
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 𝑣𝑛(𝑡) = 𝛽(Ω𝑛([0, 𝑡])), 
 𝑤𝑛(𝑡) = 𝜔0

𝑡 (Ω𝑛). 
Observe that each of the functions 𝑣𝑛(𝑡) and 𝑤𝑛(𝑡) is nondecreasing, while sequences {𝑣𝑛(𝑡)} and 

{𝑤𝑛(𝑡)} are non-increasing at any fixed 𝑡 ∈ 𝐽. Put  

 𝑣∞(𝑡) = lim
𝑛→∞

𝑣𝑛(𝑡), 

 𝑤∞(𝑡) = lim
𝑛→∞

𝑤𝑛(𝑡),   𝑓𝑜𝑟   𝑡 ∈ 𝐽. 

Using Lemmas 2.2, 3.2 and (𝐻4), we obtain  

𝛽(𝑣1Ω𝑛([0, 𝑡])) ≤ 𝜔0
𝑡 (𝑣1Ω𝑛) + sup

𝑠≤𝑡
𝛽(𝑣1Ω𝑛(𝑠)) 

 ≤ 2𝑁0(𝑡)𝛽(𝑔(Ω𝑛)) + sup
𝑠≤𝑡

𝑁0(𝑠)𝛽(𝑔(Ω𝑛)) 

 ≤ 3𝑁0(𝑡)𝛽(𝑔(Ω𝑛)) 

 ≤ 3𝑚𝑔𝑁0(𝑡)𝛽(Ω𝑛([0, 𝑏])) 

 = 3𝑚𝑔𝑁0(𝑡)𝑣𝑛(𝑏), 

 that is,  

 𝛽(𝑣1Ω𝑛([0, 𝑡])) ≤ 3𝑚𝑔𝑁0(𝑡)𝑣𝑛(𝑏). (3.9) 

 Moreover  

𝛽(𝑣2Ω𝑛([0, 𝑡])) ≤ 𝜔0
𝑡 (𝑣2Ω𝑛) + sup

𝑠≤𝑡
𝛽(𝑣2Ω𝑛(𝑠)) 

 ≤ 2𝑏𝑁1(𝑡)𝛽(𝑓([0, 𝑡] × Ω𝑛)) + sup
𝑠≤𝑡

𝛽(∫
𝑠

0
𝑈(𝑠, 𝜏)𝑓(𝜏, Ω𝑛(𝜏))𝑑𝜏) 

 ≤ 2𝑚𝑓𝑏𝑁1(𝑡)𝛽(Ω𝑛([0, 𝑡])) + sup
𝑠≤𝑡

𝑁1(𝑡) ∫
𝑠

0
𝛽(𝑓(𝜏, Ω𝑛(𝜏)))𝑑𝜏 

 ≤ 2𝑚𝑓𝑏𝑁1(𝑡)𝑣𝑛(𝑡) + 𝑚𝑓𝑁1(𝑡) ∫
𝑡

0
𝑣𝑛(𝜏)𝑑𝜏 

 and  

𝛽(𝑣3Ω𝑛([0, 𝑡])) ≤ 𝜔0
𝑡 (𝑣3Ω𝑛) + sup

𝑠≤𝑡
𝛽(𝑣3Ω𝑛(𝑠)) 

 ≤ 2𝑏𝑁1(𝑡)𝐾1(∥ 𝑥1 ∥ +𝑁0𝛽(𝑔(Ω𝑛)) + 𝑏𝑁1𝛽(𝑓(𝑄))) 

 + sup
𝑠≤𝑡

𝛽{ ∫
𝑡

0
𝑈(𝑡, 𝑠)𝐵𝑊−1[𝑥1 − 𝑈(𝑏, 0)𝑔(Ω𝑛) − ∫

𝑏

0
𝑈(𝑏, 𝜏)𝑓(𝜏, Ω𝑛(𝜏))𝑑𝜏](𝑠)𝑑𝑠} 

 ≤ 2𝑏𝑁1(𝑡)𝐾1(∥ 𝑥1 ∥ +𝑁0(𝑡)𝛽(𝑔(Ω𝑛)) + 𝑏𝑁1(𝑡)𝛽(𝑓([0, 𝑡] × Ω𝑛)))} 

 +sup
𝑠≤𝑡

𝑏𝑁1(𝑠)𝐾1{∥ 𝑥1 ∥ +𝑁0𝛽(𝑔(Ω𝑛)) + 𝑁1(𝑡) ∫
𝑠

0
𝛽(𝑓(𝜏, Ω𝑛(𝜏)))𝑑𝜏} 

 ≤ 3𝑏𝑁1(𝑡)𝐾1(∥ 𝑥1 ∥ +𝑚𝑔𝑁0(𝑡)𝑣𝑛(𝑏)) + 𝑏𝑚𝑓𝑁1(𝑡)𝐾1(2𝑏𝑁1(𝑡)𝑣𝑛(𝑡) + 𝑁1 ∫
𝑡

0

𝑣𝑛(𝜏)𝑑𝜏). 
 Linking this estimate with (3.9), we obtain  

 𝑣𝑛+1(𝑡) = 𝛽(Ω𝑛+1([0, 𝑡])) 

 = 𝛽(𝒫Ω𝑛([0, 𝑡])) 

 ≤ 𝛽(𝑣1Ω𝑛([0, 𝑡])) + 𝛽(𝑣2Ω𝑛([0, 𝑡])) + 𝛽(𝑣3Ω𝑛([0, 𝑡])) 

 ≤ 3𝑚𝑔𝑁0(𝑡)𝑣𝑛(𝑏) + 2𝑚𝑓𝑏𝑁1(𝑡)𝑣𝑛(𝑡) + 𝑚𝑓𝑁1(𝑡) ∫
𝑡

0
𝑣𝑛(𝜏)𝑑𝜏 

 + 3𝑏𝑁1(𝑡)𝐾1(∥ 𝑥1 ∥ +𝑚𝑔𝑁0(𝑡)𝑣𝑛(𝑏)) 

 +𝑏𝑚𝑓𝑁1(𝑡)𝐾1(2𝑏𝑁1(𝑡)𝑣𝑛(𝑡) + 𝑁1 ∫
𝑡

0
𝑣𝑛(𝜏)𝑑𝜏). 

 Letting 𝑛 → ∞, we get  

𝑣∞(𝑡) ≤ 3𝑚𝑔𝑁0(𝑡)𝑣∞(𝑏) + 2𝑚𝑓𝑏𝑁1(𝑡)𝑣∞(𝑡) + 𝑚𝑓𝑁1(𝑡) ∫
𝑡

0

𝑣∞(𝜏)𝑑𝜏 

 + 𝑏𝑚𝑓𝑁1(𝑡)𝐾1(2𝑏𝑁1(𝑡)𝑣∞(𝑡) + 𝑁1 ∫
𝑡

0
𝑣∞(𝜏)𝑑𝜏) 

 +3𝑏𝑚𝑔𝑁0(𝑡)𝑁1(𝑡)𝐾1𝑣∞(𝑏). 

 Hence putting 𝑡 = 𝑏, we get in view of (𝐻6)  

 𝑣∞(𝑏) = 0. (3.10) 

 Furthermore, applying Lemmas 3.1, 3.2, 3.3, we have  

𝑤𝑛+1(𝑡) = 𝜔0
𝑡 (Ω𝑛+1) 

 = 𝜔0
𝑡 (𝒫Ω𝑛) 

 ≤ 𝜔0
𝑡 (𝑣1Ω𝑛) + 𝜔0

𝑡 (𝑣2Ω𝑛) + 𝜔0
𝑡 (𝑣3Ω𝑛) 
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 ≤ 2𝑚𝑔𝑁0𝑣𝑛(𝑏) + 2𝑚𝑓𝑏𝑁1𝑣𝑛(𝑡) + 2𝑏𝑁1𝐾1(∥ 𝑥1 ∥ +𝑁0𝛽(𝑔(𝑌)) + 𝑏𝑁1𝛽(𝑓(𝑄))) 

 ≤ 2𝑚𝑔𝑁0𝑣𝑛(𝑏) + 2𝑚𝑓𝑏𝑁1𝑣𝑛(𝑡) + 2𝑏𝑁1𝐾1(∥ 𝑥1 ∥ +𝑚𝑔𝑁0𝑣𝑛(𝑏) + 𝑏𝑚𝑓𝑁1𝑣𝑛(𝑡)) 

 ≤ (2 + 𝑏𝑁1𝐾1)[𝑚𝑔𝑁0𝑣𝑛(𝑏) + 𝑚𝑓𝑏𝑁1𝑣𝑛(𝑡)]. 

 Letting 𝑛 → ∞, we get  

 𝑤∞(𝑡) ≤ (2 + 𝑏𝑁1𝐾1)[𝑚𝑔𝑁0𝑣∞(𝑏) + 𝑚𝑓𝑏𝑁1𝑣∞(𝑡)]. 

Putting 𝑡 = 𝑏 and applying (3.10), we conclude that 𝑤∞(𝑏) = 0. This fact together with (3.10) 

implies that lim𝑛→∞𝜒(Ω𝑛) = 0. Hence, in view of the Remark 2.1, we deduce that the set Ω∞ =
⋂∞

𝑛=0 Ω𝑛 is nonempty, compact and convex. Finally. linking the above obtained facts concerning the 

set Ω∞ and the operator 𝒫: Ω∞ → Ω∞ and using the classical Schauder fixed point theorem, we infer 

that the operator 𝒫 has at least one fixed point 𝑥 in the set Ω∞. Obviously the function 𝑥 = 𝑥(𝑡) is a 

mild solution of (2.1) − (2.2) satisfying 𝑥(𝑏) = 𝑥1. Hence the given system is controllable on 𝐽.  

  

Remark 3.1 Let us consider the case when the mapping 𝑔 is given by 𝑔(𝑥) = ∑𝑛
𝑖=1 𝑑𝑖𝑥(𝑡𝑖), 

where 0 ≤ 𝑡1 < 𝑡2 < ⋯ < 𝑡𝑛 ≤ 𝑏, 𝑑1, 𝑑2, … , 𝑑𝑛 are given constants. For a bounded set 𝑌 ⊂ 𝒞(𝐽, 𝑋) 

we get  

 𝛽(𝑔(𝑌)) ≤ ∑𝑛
𝑖=1 |𝑑𝑖|𝛽(𝑌(𝑡𝑖)) ≤ ∑𝑛

𝑖=1 |𝑑𝑖|𝛽(𝑌(𝐽)). 
Similarly  

 𝛽(𝑔(𝑌)) ≤ ∑𝑛
𝑖=1 |𝑑𝑖|𝛽(𝑌(𝑡𝑖)) ≤ ∑𝑛

𝑖=1 |𝑑𝑖|. sup
𝑡∈𝐽

𝛽(𝑌(𝑡)). 

These inequalities imply that the constant 𝑚𝑔 from assumption (𝐻4) satisfies the following estimate 

𝑚𝑔 ≤ ∑𝑛
𝑖=1 |𝑑𝑖|. 

Now let us consider the case, when the mapping 𝑔 is given in the form 𝑔(𝑥) = ∫
𝑏

0
ℎ(𝑡, 𝑥(𝑡))𝑑𝑡,where 

the mapping ℎ: 𝐽 × 𝑋 → 𝑋 satisfies the Carathéodory condition, and moreover  𝛽(ℎ(𝑡, 𝑊)) ≤ 𝑚(𝑡)𝛽(𝑊) 

hold, for a.e. 𝑡 ∈ 𝐽 and 𝑊 ⊂ 𝑋, where the function 𝑚: 𝐽 → ℝ + is integrable. 

Then, for a bounded set 𝑌 ⊂ 𝒞(𝐽, 𝑋), we have  

 𝛽(𝑔(𝑌)) ≤ 𝛽(∫
𝑏

0
ℎ(𝑡, 𝑌(𝑡))𝑑𝑡) ≤ ∫

𝑏

0
𝑚(𝑡)𝛽(𝑌(𝑡))𝑑𝑡 ≤ ∫

𝑏

0
𝑚(𝑡). sup

𝑡∈𝐽
𝛽(𝑌(𝑡))𝑑𝑡 

and therefore the constant 𝑚𝑔 from (𝐻4) satisfies the estimate  

 𝑚𝑔 ≤ ∫
𝑏

0
𝑚(𝑡). 
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