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Abstract:

Stochastic resonance phenomenon is studied to observe the effect of small external noise on nonlinear
system. Integrate and fire models are widely studied in the field of computational neuroscience. In this
paper phenomenon of stochastic resonance is investigated in two models viz integrate and fire and leaky
integrate and fire. Salient features of this study is that external oscillatory input is considered with random
parameters i.e. phase difference, frequency and amplitude with varying noise intensity. Monte Carlo
simulation method is used to generate sample paths of the underlying models which exhibit the stochastic
resonance in presence of random parameters. Interestingly stochastic resonance occurs around values of
noise intensity which are almost same in all cases.
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I INTRODUCTION

The phenomenon of stochastic resonance (SR) has been extensively observed in various nonlinear systems
(Mc Donell and Abott, 2009)[1]. Originally Benzi et al (1981) and Nicolis (1981) [2,3] coined the term
‘Stochastic Resonance’. SR effect, however, corresponds to a setting where random noise influences the
dynamics of a system so as to improve system’s performance to discriminate weak information-carrying
signals. The SR phenomenon is a result of understanding the amplification of a small periodic forcing by
the internal noise of a system. It may be noted that SR phenomena is different from usual observation of
resonance where driving frequency matches the natural frequency of oscillation/vibration of a system. In a
nonlinear system, the potential well function, U(x), may be approximated to be, say bimodal. Therefore , a
slight perturbation considered as a weak information —carrying signal (1) , acting on a particle may role it
to-and-fro at the bottom of U(x). In case the particle movement is observed only when it moves from one
well to other, the effect of the perturbing force goes unnoticed. The addition of noise in such a system may
result in allowing the particle to occasionally exit into the neighboring well. In SR, it is observed that the
exit of a particle from one well to other is not random but correlated with I.Therefore increased noise
strength causes more frequent transitions between neighboring wells. Thus particle dynamics reveals the
time information of the weak signal I,usually increased noise tends to blur / deteriorate the transfer and
detection of information. Thus the possibility of an optimal noise strength exists for which there exists a
strong correlation between the input Iand the noise strength (McDonnell MD, et al.2015)[4] . Longtin
(1993)[5] extended the study of SR effect to the excitable systems which have only one stable state but can
be excited to a state which is unstable. The discovery of SR in sensory neurons when subjected to external
noise (cf. Longtin et al., 1991; Bulsara et al., 1991; Chialvo and Apkarian, 1993)[6,7,8] led to further work
in electrophysiological SR studies. In sensory neurons, a spike is generated as the propagating action
potential reaches a threshold. On generation of a spike, a quiescent time interval occurs when no firing take
place. SR phenomenon has been observed in hydrodynamically sensitive mechanoreceptor hair cells in
tailfins of crayfish (Douglas et al , 1993; Wisenfeld et al , 1994; Pei et al., 1996 )[9,10,11], on the cercal
system of cricket (Levin et al., 1996 )[12]. It is interesting to note that Pei et al.(1996) observed SR in the
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presence of internal noise. They varied the strength of internal noise by controlling the light intensity
incident on hair cell photoreceptive area. SR equation for a generic neuronal model is given by

2~ Fa) + AsinGanfe + 9) + aE(® €

where u is excitation variable and f(u)is a general nonlinear function of the excitation variable u.The
second term represents a signal carrying information and the last term represents the internal/external noise
in the system, while it is considered to be Gaussian white noise process.

In SR, in the presence of some optimal noise strength o, the amplification of input sinusoidal signal carrying
the information is amplified beyond apriori threshold. The optimal noise strength o is detected by finding
the correlation between the inputs i.e., signal plus noise and the output u(t).

In the following we briefly outline various neuronal models and using the Monte Carlo simulation
technique, we characterize the SR process in these models.

1. INTEGRATE AND FIRE (IF) MODEL WITH RANDOM RATES AND MONTE CARLO
PROCEDURE

The remarkable integrate and fire neuron model was proposed by Lapicque in 1907 [13] to understand
activity of neuron in terms of dynamics of membrane potential. In the generic model, by substitutingu =
V(t) , the membrane potential, and f(u) = u, we obtain the dynamical equation for the sinusoidally excited
integrate and fire model in the presence of noise as:

Z—I: = u+ A.sin(2nft + ¢p) + o€ (t) t=>0 (2)

where V is membrane potential, p is drift parameter, o noise intensity and & (t)is Gaussian white noise.
A. Monte Carlo Simulation of SR in IF Model

Mc Donell et all (2015)[4] studied stochastic resonance in IF neuron model with varying noise intensity .
In the present study work is extended by considering phase difference, frequency and amplitude both as
random parameters. In the foregoing IF model, for numerical simulation we have chosen the initial
condition V(0) = 0.01, and u = 0.5,A = 0.2, f =1 and ¢p = 0 (Case: 1). Fig.1 (a) shows different noise
level considered at different time interval 0 < t < t;, its effect on the input signal and also the output
response variation when it crosses the given threshold(V,;, = 0.7). In Fig.1 (b) the variation of the
correlation coefficient between the input and the output response due to increased noise level is shown. It
is clear that an optimal noise strength, sayo~0.25 , exist at which the observed correlation coefficient is
maximum. Thus SR effect, described earlier, can be easily simulated using Monte Carlo simulation method.
In order to see the effect of phase variation on SR, we considered the phase ¢ (Fig.1(c)) to be randomly
varying and following uniform distribution while retaining the values of other parameters. The SR
simulation shown in Fig.1 (d) shows that the optimal value of ¢ remains unchanged even though the phase
is varying randomly.

Case 1:- With normal oscillatory input
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We generate n values of ¢ from U(0,2x). For each value we draw the sample realizations.
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Case 3:- Oscillatory Input with random frequency (f)
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The statistical distribution of frequency f is considered to be normally distributed

f = f+e¢, where

& ~ N(0,0¢>

)

(4)

Case 4:- Oscillatory Input with random Amplitude (A)

It is assumed the random variable A follows uniform distribution with pdf

p(A) = 0 < A < c = threshold

c>0

)

We generate n values of A from U(0,c*Vuw,). For each value we draw the sample realizations.
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Figure 1. SR simulation in IF Neuron Models

A. Leaky Integrate and Fire Neuron Model (LIF)

The IF model can be extend to a situation to consider the effect of ‘leaky’ or imperfect integration of input
current. This model, hereafter referred to as LIF, is still widely used in neural network simulations due to
its effectiveness in describing neuronal behavior. In the presence of a sinusoidal signal and noise, the
equation governing the LIF model, for the study of SR effect, may be written as:

av

i — BV + p+ dgé(t) + A.sin(2nft),t =0 (6)

where B is inverse of decay constant, u is drift parameter.

1. LEAKY INTEGRATE AND FIRE (LIF) MODEL WITH RANDOM RATES AND MONTE
CARLO PROCEDURE

In the foregoing LIF model, for numerical simulation we have chosen the initial condition V(0) = 0.01,
andu=02,A4A=02,f =1 ¢ =0and B=1.4 (Case: 1). Fig.2 (a) shows different noise level considered
at different time interval 0 < t < t;, its effect on the input signal and also the output response variation
when it crosses the given threshold(V;, = 0.7). In Fig.2 (b) the variation of the correlation coefficient
between the input and the output response due to increased noise level is shown. It is clear that an optimal
noise strength exist at which the observed correlation coefficient is maximum.

Case 1:- With normal oscillatory input
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In order to see the effect of phase variation on SR, we considered the phase ¢ (Fig.2(c)) to be randomly
varying and following uniform distribution while retaining the values of other parameters. The SR
simulation shown in Fig.2 (d) shows that the optimal value of ¢ is slightly decreased o~0.23 when the

phase is varying randomly.
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Further simulations show that the optimal frequency, at which the correlation coefficient shows a
maximum, occur at the lower value of the noise level ¢ when only frequency is varying randomly and
following normal distribution while other parameters have the values as in case: 1... It is shown in (Fig.2(e))
and (Fig.2(f)). Similar simulations have done by taking random amplitude following uniform distribution.
The results are shown in (Fig.2 (g)) and (Fig.2 (h)).

Case 3:- Oscillatory Input with random frequency (f)
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Figure 2. SR simulation in LIF Neuron Models

V. CONCLUSION

Earlier work in the study of stochastic resonance is largely confined to situations where the parameters of
the external stimulus remains fixed[14-17]. It is important to investigate the effect in presence of
fluctuations in the parameters. In present study Monte Carlo simulation are done in presence of external
oscillatory input with random fluctuations and with different noise intensities. Interesting results are noted
while phase difference, frequency and amplitude of external input are taken random and maximum output
of neuron is noted at optimal noise intensity ¢ =~ 0.25 which shows stochastic resonance. This indicates that
brain uses randomness in input and noise to produce output.
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